Linear Algebra- Chapter 5 2008/09/30
Chapter 5 Diagonalization

This chapter is concerned with the so-called diagonalization problem. For a given linear

operator T on a finite-dimensional vector space V, we seek answers to the following questions.

1. Does there exist an ordered basis 3 for V such that [T]; is a diagnoal matrix?

2. If such a basis exists, how can it be found?

A solution to the diagonalization problem leads naturally to the concepts of eigenvalue

and eigenvector.
B3 REARe B2 VaRpPpELT » L3367 FAA B T RIEF[T] - %

R P A RIS R P B EAHE RS0 p AT 512 Eigenvalue £ Eigenvector

5-1 Eigenvalues and Eigenvectors

DEFINTION 5.1 Diagonalizable ( ¥ ¥ % i- )

A linear operator T on a finite-dimensional vector space V is called diagonalizable if
there is an ordered basis B for V such that [T], is a diagnoal matrix. A square matrix A

is called diagonalizable is L, is diagonalizable.
B RERR R R VY o -G RAR BT URET], * 5 - HeaEL plx

MEE S TfEs (PHE o F Ly THEC O MAEITHE

DEFINITION 2.12

Suppose that V and W are finite-dimensional vector spaces with ordered bases B = {vi,
Va,... , Vn} and y = {wy, W,... , Wy}, respectively. Let T: V> W be linear. Then for each j, 1
=j =n, there exist unique scalars a;;€F, ] =i=m, such that

T(v;) = iaijwi for1=j=n
i=1

We call the mxn matrix A defined by Aj; = a;; the matrix representation of T in the

ordered bases B and y and write A =[T];.
If V=W and 3 =y, then we write A =[T];.
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RVEWALANEF VARG EZRF B = {vi, Voo , Vo & 7 = {Wy, Wo,.o.
Wl &85 VEWHT AREAK Y T:VOW 5 VR I W ehs i o

HE5-% j(1=j=n) a3 > gare- ¥ § a; €F (1=i=m)> # &
T(Vj)=§aijwi °

#emxn HEL A TR Aj = a0 THETAZAPERTHELRE SN o &
VEWAEHME & yiTas BAAT » A¥iize s A=[T]

FV=W_2 =y > RIA=[T], -

B T(vj):gaijwi L Ty ehif T34 ARA Yy chite s o

We want to determine when a linear operator T on a finite-dimensional vector space V is
diagonalizable and, if so, how to obtain an ordered basis B = {vj, va,..., vs} for V such that

[T]; is a dignoal matrix. If D = [T]; is a dignoal matrix, then for each vector vjef}, we

have

T(VJ)ZZDijViZDijjZKjVj where kj=Djj.

i=1

Conversely, if = {vi, v,..., vn}is an ordered basis for V such that T(v;)=Av; for

some scalars A,,A,,...A_, then clearly

L0 0
0 2,

[T, = . .
0O O A

EF AR S EER VR RPEE S T e STl B AR B =
{V],Vz,...,Vn} 2% rlig @ [T]ﬁ > % "ifj’&’-'{ﬁ'“—é— °

%’“D=[T]Béf%i%“i’ﬂ'lﬂéf*?ﬁ~@€_ viepB @ 7 o

=4

T(v,)=Y Dyv,=D,v,=A,v, where L, =D, (# v;en8 5 &% T(v)ZiE+} AAR

i=1

Bensfie s )o

F2 0 FPB={Vi, V..., Va} & V5 B AKX & ET(v)=nr;v; > R
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.0 0
0 A, .. : . S .
[T], = (MLARPBHEEF Tove e 2d 3 1 )o
0 0 A

= [T], = Definition 2.12 £ A » 4p § ** Definition 2.12 h V=W 2 B=y -

DEFINTION 5.2 Eigenvectors & Eigenvalues ( 513 + £ &2 H 7§ &)

Let T be a linear operator on a vector space V. A nonzero vector ve V is called an
eigenvector of T if there exists a scalar A such that T(v)= Av. The scalar A is called the
eigenvalues corresponding to the eigenvector v.

AT iz VY dRPELEF  @JFVIiE-2Fedvag  Fuadi
A T(v)=Av > RIfEv & T < Eigenvector (F7 w» £ )

(HF &)

Let A be in M.« (F). A nonzero vector veF" is called an eigenvector of A if v is an|

' A & ¥R v ¢ Eigenvalue

eigenvector of Ly; that is, if Av = Av for some scalar A. The scalar A is called the eigenvalue
corresponding to the eigenvector v.
£ A eMp(F) > Fra2bE e £ va 3 > % v & La 7 Eigenvector » P] v
# s A ¢ Eigenvector o & A % & Av = Av P L f 5 $/&> Eigenvector v i3

Eigenvalue °

Characteristic vector = Proper vector = Eigenvector.
Characteristic value = Proper value = Eigenvalue.
Theorem 5.1

A linear operator T on a finite-dimensional vector space V is diagonalizable if and
only if there exits an ordered basis B for V consisting of eigenvectors of T. Furthermore, if

T is diagonalizable, B = {vi,va,...,va}is an ordered basis of eigenvectors of T, and D =

[T]l3 , then D is a diagonal matrix and Dj; is the eigenvalue corresponding to v; for 1 =j=n.

AR R 2R VAP EFELE T TL V441 > 2 TIFANDONLY IF | i
EEVRAFeET AAKPBEFEAKGD T o Eigenvectors #7i = o f g B RILE
EFTEvHEM B ={v,va...,a T 1 Eigenvectors 722 ehj B A K > * D=

3
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[T], > A D - & itedy Dy (HiwdLaid) i #R Eigenvectors vj

Eigenvalues °

To diagonalize a matrix or a linear operator is to find a basis of eigenvectors and the
corresponding eigenvalues.
B R ARMEE A Pl E S DR A F B S i Eigenvectors ¥2

Eigenvalues °

EXAMPLE 1

1 3 1 3
Let A= , V= ,and v, =| |
4 2 -1 4

1 3) 1 -2 1
Since LA(V1)=(4 2}( J:( j:—2( J=—2V1, v; 1s an eigenvector of La,

and hence of A.
Here A; = -2 is the eigenvalue corresponding to v;.
vy #_La e eigenvector °

M =-2 & v, 1 eigenvalue °

1 3)3 15 3
Furthermore, L, (v,)= = =5 |=5v, and so v, is an eigenvector
4 2)\4 20 4

of L, and hence of A, with the corresponding to eigenvalue A, = 5.

vy #_La 1 eigenvector °

h=-2 & v, 1 eigenvalue °

Note that p = {v, v2} is an ordered basis of R? consisting of eigenvector of both of A
and L4, and therefore A and L, are diagonalizable.

& & B & Eigenvector vi ¥ v, = o

Moreover, by Theorem 5.1,

-2 0 RV
|LA|B :( 0 SJ (¥4 s~ % 5 Eigenvalues ° )

EXAMPLE 2

Let T be the linear operator on R* that rotates each vector in the plane through an

angle of /2. It is clear geometrically that for any nonzero vector v, the vector v and T(v)
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are not collinear; hence T(v) is not a multiple of v. Therefore T has no eigenvectors and
consequently, no eigenvalues. Thus there exist operators (and matrices) with no eigenvalues

or eigenvectors. Of course, such operators and matrices are not diagonalizable
EHEF M-I b andE - B R E 12 Hizet

LR g+ o 3

T
Evas o BEAMEEF T aJg2isv & T(v)* 258 T(v)s * E_v i #k o

Feg va
F1¢t T ;X3 Eigenvector » /X3 Eigenvalue ° i&48:2 7 Eigenvector ¥ Eigenvalue ¢73:&
BN 150 I P I

In order to obtain a basis of eigenvectors for a matrix (or a linear operator), we need to

be able to determine its eigenvalues and eigenvectors. The following theorem gives us a

method for computing eigenvalues.
1 ORAE & SIE B S o0 Eigenvector #Tie R il K o & Jf Rz R HIE

)4
¥ + ¢ Eigenvectors ¥2 Eigenvalues °

Theorem 5.2
Let A € Mux(F). Then a scalar A is an eigenvalue of A if and only if det (A-AlL,) =0

£ A € Mpu(F) > B] A E_A & Eigenvalue e0 T £ ¥ v % | 15 5 det (A-AL) =

0-

[ Proof)
A scalar A is an eigenvalue of A if and only if there exists a nonzero vector ve F such

that Av = v, thatis (A—AL)v=0. (FazEaw E ve )

A 1, is not invertible.

This is true if and only if A —
- Equivalent to say det (A-Al,) =0 -

Corollary 3B ¥ i &7 (7 7| 3\ eff 4
A matrix A€ Mu«(F) is invertible if and only if det(A) # 0. Furthermore, if A is

invertible, then det(A™) = L
det(A)

£ AeMu(F) 2 v Pporry, 25 det(A) # 0- 2% > % A F

1
o0 B det(A™) = .
. A7) det(A)
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DEFINTION 5.3 Characteristic polynomial

Let A € Mp«(F). The polynomial f(t) = det (A - tl,) is called the characteristic
polynomial of A.

£ A € Myq(F) > Bl $385% f(t)=det (A-tl)fL 5 A g d 8 5% o

Theorem 5.2 states that the eigenvalues of a matrix are the zeros of its characteristic

polynomial.

%y Theorem 5.2 sh4cit : 4B o Eigenvalues & 3% B 43 § 38 58 942 o

EXAMPLE 4

To find the eigenvalues of

A= b M, (R
_(4 Je 22 (R)

We compute its characteristic polynomial:

det(A—tIz):det( A : j=t2—2t+3:(t—3)(t+1)

-t

The eigenvalues of A are 3 and -1.

DEFINTION 5.4 Characteristic polynomial

Let T be a linear operator on an n-dimensional vector space V with ordered basis f.
We define the characteristic polynomial f(t) of T to be the characteristic polynomial of A =
[T], - That is f(t) = det (A-tl,).

FTEinBae B3RV oRPELS > e BiFT3 RAAKL BT ik

FHENT S A= [T], e 5 85 o T f() =det (A-tly) e

If T is a linear operator on a finite-dimensional vector space V and f is an ordered basis
for V, then A is eigenvalue of T if and only if A is an eigenvalue of [T]; . We often denote the
characteristic polynomial of an operator T by det(T-tI).

FT i Rafe @zl VaoappdEs s B2 Vaj AAA R AL TH
Eigenvalue ¢« T & 2 v % | #5122 A #_[T], 5 Eigenvalue » 2% P55 ¥ # T chf fic 5 78 5

#E > 5 det(T-tl) -
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EXAMPLE 5

Let T be the linear operator on P»(R) defined by T(f(x)) = f(x)+(x+1)f’(x), let B be the
standard ordered basis for P»(R), and let A= [T];. Then

TAARPB={Lx,x} 0 7

T(1) = 1 = 1e1+0x+0ex>

T(x) = 1+2x = 1e1+2ex+0ex’

T(x?) = 0+2x+3x* = 0o1+2ex+30x”

The characteristic polynomial of T is
I-t 1 0
det(A-tl;))= 0 2-t 2 |=..=—(t-D{t-2)(t-3)
0 0 3-t

P L T e s 78N 0 R A1 dE A S 5E SN e > T L T ¢ Eigenvalues ©

Hence A is an eigenvalue of T (or A) if and only if A =1, 2, or 3.

Theorem 5.3

Let A € Mp«(F).
(a) The characteristic polynomial of A is a polynomial of degree n with leading
coefficient (-1)".
(b) A has at most n distinct eigenvalues.
£ A € Mpu(F) > 7
(a) A s BN 8- Bordn s g8 2 AR H Gl s (-1) -

(b) A% %3 n B 4p £ 0 Eigenvalues -

Theorem 5.4

Let T be the linear operator on a vector space V, and let A be an eigenvalue of T. A
vector v € F is an eigenvector of T corresponding to A if and only if v # O and v €
N(T - AD.

P TEiw 2B VemPEL S > » A AT i Eigenvalue > 5 — B 3 F ahe

£v(veF)ZTHR> A Eigenvector» P|H T e | 525 v #02 v
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e N(T-AD) -

v # 0and v € N(T - Al): The eigenvectors of T corresponding to the eigenvalues A

are the nonzero vectors in the null space of T — AL
"v # 0 & v € N(T - M), %7 : ¥ )& Eigenvalue A 5 Eigenvectors v 2 T — Al
E 55 B (Null space) p e2EF w § o

N(T-A) = {veV:T(v)=0} °

DEFINTION 2.7 Null space or Kernel

Let V and W be vector space, and let T: V>W be linear. We define the null space (or
kernel) N(T) of T to be the set of all vectors x in V such that T(x) = 0; that is, N(T) =
{xeV: T(x) =0}.

VEWLZeE®32zF 2T VOIW Z P o T xEEHE T 0 Null space =
VPR3 s & T(x) =0 & x #73); fk & » 2335 5 N(T) ° Null space e+ % x &

A THEESTHBD Ty 500 &% T(x) = 0 Null space p 4 e [ i

J %50

:x : THHNULLSPACE £ VR TT(X)=0, cha% 12,2 chik & »T 258 V| ia- =3

h3 b

EXAMPLE 6

To find all the eigenvectors of the matrix.

11
A= (4 J e M,_, (R)in Example 4, recall that A has two eigenvalues, A; =3 and A, =

d EXAMPLE 4 ¥ & » s£"¢ A &1 Eigenvalues 3 A, =3 ~N=-1¢

We begin by finding all the eigenvectors corresponding to A; = 3.

1 1) (3 0y (-2 1
Let Bi=A-nl=|, |-| 0 S]=| , _,|

1

X
Then x= ( J e R’ is an eigenvector corresponding to A; = 3 if and only if x # 0
X

2
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and x € N(Lg);thatis,x # 0and

-2 L) x| (=2x,+x,) (0
4 -2)\x,) l4x,-2x,) (o0
Clearly the set of all solutions to this equation is

i

Hence x is an eigenvector corresponding to A; = 3 if and only if

1
X = t(zj for somet # O.

x 4_1p ¥ & M =3 e Eigenvector ©

Now suppose that x is an eigenvector of A corresponding tod, =-1. Let
1 1 -1 0 2 1

B,=A-\,I= - = .
4 1 0 -1 4 2

X
Then x = [ 1] € N(L;)) ifand only if x is a solution to the system

X
2 1) x) [ 2x,+x, ) (0
4 2)\x, - 4x, +2x, o
Hence

N(Ly) = {t[_lzj;t € R}

Thus x is an eigenvector corresponding to A, = -1 if and only if

1
x:t( 2} for somet # 0.
X 4_1p ¥ & A, = -1 < Eigenvector °

1 1
Observe that {(2}( 2]} is a basis for R* consisting of eigenvectors of A.

Thus La, and hence A, is diagonalizable.

1 1
{(2}( 2]} &_A & Eigenvector £ = e R? &— B A K o

FIb Ly T A RFEE Do

Suppose that [ is a basis for F" consisting of eigenvectors of A. The corollary to Theorem
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2.23 assures us that if Q is the nxn matrix whose columns are the vectors in 3, then Q'AQisa
diagonal matrix.

X PEF - 2K d A ¢ Eigenvectors #7%= » d Theorem 2.23 ¢ Collary
@i % Q % nxn e > ¥ Q 4B i3 (Column) 5 B e £ 0 B Q'AQ 4 - 4
ERE ST

In Example 6, for instance, if

ooy )

Then

R
QAQ=|, _,

The diagonal entries of this matrix are the eigenvalues of A that correspond to the
respective column of Q.
HimElomi i 2 5 A o Eigenvalues » & B ¥R Q #hi7 (5 A &

Eigenvector ) e

Theorem 2.23

Let T be a linear operator on a finite-dimensional vector space V, and let § and B’ be
ordered bases for V. Suppose that Q is the change of coordinate matrix that changes ’—
coordinates into B-coordinates. Then

[T], =Q'[T],Q.

TR URER»EZR V- BREFLES > £ B & PR3 RARZFe LV
A B3 AEARKR T Q Fd PARAEARELI P AR ADOAERHEEL A
[T], =Q'[T],Q -

[ Proof)

Let I be the identity transformation on V. Then T = IT = TI; hence,

by Theorem 2.11, Q[T], =[II[T1} =[ITT;, =[TIJ; =[TI[I]; =[T],Q

Therefore [T], = Q' [T];Q

£ 18V} ahH = (Identity transformation I,: V= V by [(x) =x forall xe V)
» QI IT=TI=T -
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F1 Q= [L 15 >QIT], =[1I;[TI;

iy Theorem 2.11 ¥ v :

Q[T], =[5 [Ty = [T =TI = [TIH[1]5 = [T],Q

Ft o [T], =Q'[T],Q -
Theorem 2.11 Let V, W, and Z be finite-dimensional vector space with ordered bases a, J,
and vy, respectively. Let T: V2>W and U: W—>Z be linear transformation. Then
[UT], =[UET,.4 V- W& Z I35 U@ B2F a PR y~rui VoW
Zag BAK £ TIVOIW (L) ® UWDZ (i) Bl [UT], =[U[TL, -

FV-WEZI3RARow EZF o0~ BEyALHEZ V- WEZa5 BAK
° £ T:VOW (L o>B) * U:WDZ (& p>y) A [UT], =[UR[TE -

Corollary to Theorem 2.23

Let A € M,«(F), and let y be an ordered basis for F". Then [La] ;= Q'AQ, where Q is
the nxn matrix whose jth column is the j" vector of y.
£ AeMun(F)E v 5 F'éhg B A A » BI[La]l , = Q'AQ; # ¢ » Q i nxn suiEid

PR RSy R

DEFINITION 2.20 Standard representation

Let B be an ordered basis for an n-dimensional vectors space V over the field. The
standard representation of V with respect to B is the function ®p: V> F" defined by ®p(x) =
[x]p for each xe V.

FRARRA e RIRF Vg RAK R VAR iR Lntad V
P2 Fendn B Op(x) (Op: VOF)» 22308 T & 5 Pp(x)=[x]p; E ¥ »xeVe

4ei@ 45 4 T < Eigenvector

TO FIND the eigenvectors of a linear operator T on an n-dimensional vector space,

select an ordered basis 3 for V and let A =[T], . Figure 5.1 is a special case of Section 2.4 in

which V=W and B =v.

Recall that for veV, ®g(v) =[v], the coordinate vector of v relative to B.

11
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We show that ve V is an eigenvector of T corresponding to A if and only if ®g(v) is an

eigenvector of A cooresponding to A.

Suppose that v is an eigenvector of T corresponding to A. Then T(v) =Av. Hence

AD (V) =L, Dy(v) =P T(v) = Oy(Av) = LD (V)
Now ®p(v) # 0, since Pg(v) is an isomorphism; hence ®g(v) is an eigenvectir of A.

This argument is reversible. If ®g(v) is an eigenvectir of A corresponding to A, then v

is an eigenvector of T corresponding to A.

RS0 n Sefp £ 2RI RUSEEET=" T fY Eigenvector » 75 [~ [ A5l B =
T A=[T], ° [ 5.1 £% Section 2.4 fu— {iFf ] » V=W = B=vy -

BT veV o @p(v) =[vlp KL v AL B AV AR | El

i veV FL T %P L Y Eigenvector » El T3 ST IEF, | R EL Dg(v)RL A HE

A iV Eigenvector ?
fﬁir% v &L T %P L Y Eigenvector > H[| T(v) =Av o (H]F=

AD (V) =L, Dy(v) = D T(V) = Dy (Av) = AP (v) (%% Figure 5.1)
> A, (v) = AD, (V)
e Op(v) kL [l I8 Al @p(v) # 05 = Og(v) KL A Y

Eigenvector

s L Dp(v) kLA S LY Eigenvector ¢ fl[] v L T 35fj L [V Eigenvector ©
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\% T > V \Y% ! >» W
Dg; D | s, | Dy Dy
; ; ; ;
L L
F" L F F" A
Figure 5.1 Section 2.4
CHAPTER 2

Let V and W be vector spaces of dimensions n and m, respectively, and let T: V2>W
be a linear transformation. Defined A = [T];, where B and y are arbitrary ordered bases of
V and W, respectively. We are now able to use ®gand @, to study the relationship between
the linear transformations T and La:F">F".

FVEWLBLAREnE miaw B5F T 2 VOW e - 3.5 A=
[Tl > ¢ B&Ey ~8a VE WG EARK - APREEJ* Op &2 O kiFtR
Mgtk T LaF'>F" e % o

Let us first consider the below figure. Notice that there are two composites of linear

transformation that maps V into F".

T
A% > W
Dy :I @ g
' \ Y
(D v
v \‘\-* v
F » F"
La

1. Map V into F" with ®g and follow this transformation with La; this yields the
composite LyDg.
VOF'ahdp (L) &Ly (18) &5 5 Ladg e

2. Map V into W with T and follow it by ®, to obtain the composite ®,T.
VoW T () 20, (8) 85 0T -

13
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We conclude that Ly®g = @, T.

An equivalent formulation of the result discussed in the preceding paragraph is that for
an eigenvalue of A of A (and hence of [T];), a vector ye F" is an eigenvector of A
corresponding to A if and only if @ B_l (y) is an eigenvector of T corresponding to A.

A (&[T], ) hiz— eigenvalue L > %+ £ yeF" £ A 4p ¥+ L o1 Eigenvector

2 S R E Y CI)ﬁfl(y)z“iLT A8 ¥ &>t A 1 Eigenvector ©

W

Thus we have reduced the problem of finding the eigenvectors of a linear operator on a

finite-dimensional vector space to the problem of finding the eigenvectors of a matrix.
15

B35 S E § 3 Eigenvectors (R {5 f§ i 5 35 4B*L Eigenvectors R 48 o

EXAMPLE 7
Let T be the linear operator on P,(R) defined in Example 5, and let B be the standard

ordered basis for P»(R). Recall that T has eigenvalues 1, 2, 3 and that
%% EXAMPLES > § A A& B={1,x,x°} »

T(1) =1 = 1e1+0ex+0ex

T(x) = 142x = 1e1+2ex+0ex’

T(x%) = 0+2x+3x* = 0e1+2ex+3ox"

t'"—i"l‘,( A = |:’]:‘:|[3 =

S O =
S b=
w N O

Eigenvalues A=1-~2-~3 -

We consider each eigenvalue separately.

[N \O R )

LetAdy=1,and B,=A-A 1=

o o O
O = =

X
Then x =[x, |eR’ is an eigenvector corresponding to A; = 1 if and only if x # 0

X3

and x € N(Lg)); that is, x is a nonzero solution to the system

14
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X
i ¥4 Theorem 5.4 > x=|x, |eR’E_ B ¥ /& M = 1 ¢ Eigenvector > # "% ¥

X3

FEE  EEE X #F 02 x e NLpy); "xETFA 3 g2t R fzo

x,=0
X, +2x,=0
2x,=0
Note that this system has three unknowns, x;, X, and x3, but one of these, x;, does not
actually appear in the system. Since the value of x; does not affect the system, we assign x;

a parametric value, say X; = a, and solve the system for x, and x3. Clearly, x, = x3 = 0, and

so the eigenvectors of A corresponding to A; = 1 are of the form

2.

PR A Rk 2 BAEg LAY g T ANR Emp T s - ¥ a> £

Xj=a’ T HEITXx=x3=0° F]} » A ¥R Ay =1 0 Eigenvector 75 ;% %
1 Y

1
a|0|=a-e, fora#0.
0

Consequently, the eigenvectors of T corresponding to A; = 1 are of the form

#7120 T 4p ¥ & Ay = 1 ¢ Eigenvector 25 3¢ 4

CDB_'(ael):aCDB_'(el):a-lza foranya # 0.

Hence the nonzero constant polynomials are the eigenvectors of T corresponding to Aq

F T 40 ¥ & A = | 1 Eigenvector & #73 2L F e ¥ i § 38 5% o

-1 10
Next let A, =2, and define B, =A-A1,I=| 0 0 2
0 0 1

v

A %t Ay =2 ¢ Eigenvector 25 3% 4
1

It is easily verified that N(L, )=<al I faeRy,
0
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and hence the eigenvectors of T corresponding to A, = 2 are of the form

T 4p % & Ay = 2 <1 Eigenvector 25 34

1
¢, (al 1))=ad, (e, +e,)=a(l+x) fora# 0.
0
-2 1 0
Finally, consider A3 =3 that B, =A-3,I=| 0 -1 2
0 0 O
A #p$t & A3 =3 =1 Eigenvector 53¢ %
1
Since N(L33)= a|2;aeRy,
1

the eigenvectors of T corresponding to A3 = 3 are of the form

T 4p %t & A3 = 3 = Eigenvector £17)3¢

1
¢B71(a 2 )=a¢B71(e] +2e, +e;)=a(l+2x+x) fora 0.
1
For each eigenvalue, select the corresponding eigenvector with @ = 1 in the

preceding descriptions to obtainy= {1, 1 + x, 1 + 2x + x°} (PR)e3 BRAK)
which is an ordered basis for P,(R) consisting of eigenvectors of T. Thus T

is diagonalizable, and
1 00

[T],=[0 2 0
00 3

Geometrical description of how a linear operator T acts on an eigenvector in the context

of a vector space V over R.

B R 3 F Vo AMEFL S Tiv* 4 Eigenvector e i® & & ?

Let v be an eigenvector of T and A be the corresponding eigenvalue. We can think of W =
span ({v}), the one-dimensional subspace of V spanned by v, as a line in V that passes

through 0 and v. For any we W, w = cv for some scalar c, and hence
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T(w)=T(cv) =cT(v) = cAv =Aw;

So T acts on the vectors in W by multiplying each such vector by A. There are several

possible ways for T to act on the vectors in W, depending on the value of A.

CASE 1. If A> 1, then T moves vectors in W farther from 0 by a factor of A.

CASE 2. If =1, then T acts as the identity operator on W.

CASE 3. If 0 <A < 1, then T moves vectors in W closer to 0 by a factor of A.

CASE 4. If A =0, then T acts as the zero transformation on W.

CASE 5. If A <0, then T reverses the orientation of W; that is, T moves vector in W from

one side of 0 to the other.

£ v &_T = Eigenvector > A ¥ _% & 11 Eigenvalue » ¥ £ W = span ({v})fd v 24 =

VRN - g 2B WT LRGeS VN 08 v s

Tw)=T(cv)=cT(V)=cAv=Aw (weW -w=cv ~c 2% & )

ST W L BARNAENF S Wb - o o Tmitr 2@ g A&
3T EAET A

CASE 1.

CASE 2.

CASE 3.

CASE 4.

A > 1, then T moves vectors in W farther from 0 by a factor of A.

M

A =1, then T acts as the identity operator on W.

M

0 <A <1, then T moves vectors in W closer to 0 by a factor of A.

W

A =0, then T acts as the zero transformation on W.

P

CASE 5. & A <0, then T reverses the orientation of W; that is, T moves vector in W

from one side of 0 to the other.
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T(y)
y Case 1: 2>1

0

Case 2: A =1

y
T(y) Case 3: 0<A<I
0
y Case4:1=0
0
T(y)
y Case 5: A<0
0
T(y)

5-2 Diagonalizability

Not all linear operators or matrices are diagonalizable. Although we are able to
diagonalize operators and matrices and even obtain a necessary and sufficient condition for
diagnoalizability, we have not yet solved the diagonalization problem.

T APEFL I NELTHEN R EVHEIL I BEL L > H

I T HA AL B LR EE o @A R E YL

What is still needed is a simple test to determine whether an operator or a matrix can be
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diagonalized, as well as a method for actually finding a basis of eigenvectors.
Yoim RIERE H F A AE T AR & Y 2 45 01 Bigenvectors 17 2 7

—> Develop such a test and method.

Theorem 5.5

Let T be the linear operator on a vector space V, and let A, A,,..., Ax be distinct
eigenvalues of T. If vy, vy,...,vx are eigenvectors of T such that A; corresponds to v;
(1=1=k), then {vy, v,...,vi} 1s linearly independent.

FTEim B RFVaORPBELF > ¥ £ A, A,..., i 5 T e4p R Eigenvalues - %

Vi, Va,...,Vk » T er1Eigenvector » ® N 22 vidp & > Rl {vi, Vo,...,Vk} & 3 MEjh o

Corollary

Let T be the linear operator on an n-dimensional vector space V. If T has n distinct
eigenvalues, then T is diagonalizable.

P Tinae 2 FVamPELE S > F TF n kiR Eigenvalues » B T 7 #
L oo
[ Proof)

Suppose that T has n distinct eigenvalues A, Az,..., A,. For each 1 choose an
eigenvector v; corresponding to A;. By Theorem 5.5, {vy, v,...,vk} is linearly independent,
and since dim(V) = n, this set {vj, va,...,vk} is a basis for V. This by Theorem 5.1, T is

diagonalizable.

EXAMPLE 1

11
Let A= [1 J eM,,(R).
The characteristic polynomial of A (and hence of L) is

det(A—tI):[ | 11J=t(t—2),

and thus the eigenvalues of L, are 0 and 2. Since L, is a linear operator on the two-

dimensional vector space R%, we conclude from the preceding corollary that L, (and hence

of A) is diagonalizable.
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La (R A) F8Fé i o

The converse of Theorem 5.5 is false. That is, it is not true that if T is diagonalizable,
then it has n distincet eigenvalues. For example, the identity operator is diagonalizable even
though it has only one eigenvalue, namely, A = 1.

Theorem 5.5 éhif 23272 = o ¥ (T E T v & it > Bl T 3 n BB
Eigenvalues o | # & = o pl4r> H =@ H 3 S 7 410 ¥ ¥ 5 - B cigenvalue» F L =

lo

DEFINTION 5.5

A polynomial f(t) in P(F) splits over F if there are scalars c,a;,as,...,a, (not necessarily
distinct) in F such that

f(t) = c(t-a;)(t-az)...(t-ap).

P(F)? ch 5 53¢ f()F 4 f& =+ F @ - X F]5¢ (split over F)» #4575 &= F 7 3

HE c,a,a,...,a, (2 LEPRE) @ EF f(t)=c(ta))(t-a)...(t-ay) °

For example, t>-1 = (t-1)(t+1) splits over R, but (t*+1)(t-2) does not split over R because
t*+1 cannot be factored into a product of linear factors. However, (t*+1)(t-2) does split over C

because it factors into the product (t+1)(t-1).

AT AL F AR - (CHDI2) R AT AR LA F R T A

Theorem 5.6

The characteristic polynomial of any diagonalizable linear operator splits.

E- A CRPEE T TSN YT AR = F

From Theorem 5.6, it is clear that if T is a diagonalizable linear operator on an n-
dimensional vector space that fails to have distinct eigenvalues, then the characteristic
polynomial of T must have repeated zeros.

d Theorem 5.6 ¥ %> F TinAw T 3R 7 HELTRPEFELF > r2 25 n B

48 £ Eigenvalues » B| T e e 58 ;8¢ 2R & 3 £ 42 (Repeated zeros ) °

20
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The converse of Theorem 5.6 is false; that is, the characteristic polynomial of T may split,
but T need not be diagonalizable.
Theorem 5.6 éifi €37 & = 1T P s BT WA RS- X FN > AL EH T

T

DEFINTION 5.6

Let A be an eigenvalue of a linear operator or matrix with characteristic polynomial
f(t). The (algebraic) multiplicity of A is the largest positive integer k for which (t-A)* is a
factor of f(t).

FALE-RPEFYE I Nt ngigc s 58 3% f(t) ¢ Eigenvalue » A chip £ #ic k >

L O(M)F A L f(t) e factor ehd 4 I HKc o

EXAMPLE 2
310
Let A={0 3 4
0 0 4

Which has characteristic polynomial f(t) = -(t-3)*(t-4). Hence A = 3 is an eigenvalue of

A with multiplicity 2, and A = 4 is an eigenvalue of A with multiplicity 1.
A=3cipEdics 20

If T 1s a diagonalizable linear operator on a finite-dimensional vector space V, then there

is an ordered basis B for V consisting of eigenvectors of T. We know from Theorem 5.1 that

[T]yis a dignoal matrix in which the diagonal entries are the eigenvalues of T. Since the
characteristic polynomial of T is det([T], -tI), it is easily seen that each eigenvalue of T must
occur as a diagonal entry of [T]; exactly as many times as its multiplicity.

FT i RARPEZF CP- BV HELTRPELESF > A5 h-F AAR
B 23%3 B AKId T i Eigenvectors #7i= o d Theorem 5.1 i#4v - [T]; & ¥ & 42
o 24t dMmAF i T o0 Eigenvalues o« d % T ehdjic 5 5858 5 det([T],-tD) » #& T 7
- i Eigenvalues & T IR & [T], ch¥t & b - 2 3R eh=x $ic ¥ 3% Eigenvalue 4p £

# (as many times as its multiplicity ) e

21
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DEFINTION 5.7 Eigenspace (H3 2 &) E,

Let T be a linear operator on a vector space V, and A be an eigenvalue of T. Define E;
= {xeV,; T(x) = Ax} = N(T - Aly). The set E, is called the eigenspace of T corresponding to

the eigenvalue A. Analogously, we define the eigenspace of a square matrix A to be the

eigenspace of L.
FTiwEZF VomPEiFELEF > ¥ A5 T EBigenvalue - 2% E, = {xeV;

T(x) = Ax} = N(T - My) » &4 E, 5 T $#&>" Eigenvalue A ¢ Eigenspace (H7j %

) 22 > A enEigenspace T % La = Eigenspace °

If A is an nxn matrix with an eigenvalue A, then the set of all eigenvectors of A
. together with the zero vector is a subspace of V. This subspace is called the eigenspace of
B
I v and v, are eigenvectors corresponding to A

Avi=Avy, Avr,=Av,

A(v,+Vv,)=Av,+Av, =Av, +Av, =A(V, +V,)

1.e. X, + X, 1s an eigenvector corresponding to A

A(cv,) =c(Av,) =c(Av,) =A(cv,)

1.e. cx, 1s an eigenvector corresponding to A

_______________________________________________________________________________________________________________________

Dimension of E,

Clearly, E; is a subspace of V consisting of the zero vector and the eigenvectors of T
corresponding to the eigenvalues A. The maximum number of linearly independent
eigenvectors of T corresponding to the eigenvalues A is therefore the dimension of E;.

A E A Va:ZF > %d 2922 T pipH R Eigenvalue A 7 Eigenvectors
rie s o F)pt T ¢ 4 Eigenvalues A ch# {4 b > Eigenvectors # 7 B # ™ 5 E, ehi
B o

Theorem 5.7 Dimension of E, vs. Multiplicity of A

Let T be a linear operator on a finite-dimensional vector space V, and let A be an

eigenvalue of T having multiplicity m. Then 1 =dim(E;) =m.

22
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P TEF AR EZF V aPEE S >0 5 T ¢ Eigenvalue » 40 £ #i 3

m> B 1=dim(E;)=m -

EXAMPLE 3
Let T be the linear operator on P,(R) defined by T(f(x)) = f’(x). The matrix

representation of T with respect to the standard ordered basis p = {1, x, x*} for P»(R) is

. (=A)

S NN O

0 1
[T],=|0 0
00

Consequently, the characteristic polynomial of T is
-t 1 0

det([T]; —th)=det| 0 -t 2 |=-t’
0 0 -t
Thus T has only one eigenvalue with multiplicity 3.
Solving T(f(x)) = f’(x) = 0 shows that E; = N(T- AI) = N(T) is the subspace of P»(R)

consisting of the constant polynomials.
0 1 Ofx, 0

(A-ADx=(0 0 2|x,|=|0
0 0 0fx, 0
2X1=a,X=x3=0
So {1} is a basis for E,, and therefore dim(E;) = 1.
Consequently, there is no basis for P»(R) consisting of eigenvectors of T, and therefore
T is not diagonalizable.
T ¥ 3 - i Eigenvalue (A = 0)> HAp£# 3 2 T(f(x)) = '(x) = 0 &P E, =
N(T- M) =N(T)E_P,(R)eh+ 5 B » E ¥ #ic s B orie o {11 B, A K » dim(E) =
1o

EXAMPLE 4

Let T be the linear operator on R* defined by
a, 4a, +a,
Tl a, |=|2a, +3a, +2a, |.

a, a, +4a,

23
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We determine the eigenspace of T corresponding to each eigenvalue. Let B be the

standard ordered basis for R*. Then
4 0 1
[Tly=]2 3 2| =A
1 0 4

and hence the characteristic polynomial of T is
4-t 0

det([T], —th)=det| 2 3-t 2 |=—(t=5)(t-3)
1 0 4-t

So the eigenvalues of T are A; = 5 and A, = 3 with multiplicities 1 and 2 respectively.

Since
X, -1 0 1}x, 0
E, =N(T-AD=4|x, [eR’:| 2 -2 2 |x,|=|0]¢,
X, I 0 —-1)x, 0
E, is the solution space of the system of linear equations
-X,+x,=0
2x, —2x, +2x, =0
X, —x,=0

It is easily seen that
1

2 is a basis for Ey;. Hence dim(E;;) =1
1

Similaryly, E, =N(T-2,I) is the solution space of the system of linear equations

X, +x,=0
2x, +2x5,=0
X, +x;=0

The general solution to the system

X, 0 -1

X, |=s| 1|+t O | fors,teR.
X, 0 1
It follows that

0) (-1

1,/ O is a basis for Ej,. Hence dim(E;) = 2
0 1

24
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EXAMPLE

Find the eigenvalues and corresponding eigenspaces of A = {

0
1
-X X
=—1 Eigenvalue A= -1
0 0

=1.

If v=(x,y) then AV=|:O

For a vector on the x-axis
-1 0Of|x
0 1(/0

For a vector on the x-axis

e MRME|

0
y

e

} Eigenvalue A= +1

Geometrically, multiplying a vector (x, y) in R* by the matrix 4 corresponds to a

' reflection in the y-axis.

The eigenspace corresponding to A= -1 is the x-axis.

The eigenspace corresponding to A= 1 is the y-axis.

y

___________________________ 0.5

(—x,) (0,)

0,y) (x,»)

25
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1-» 3 0
A-All=| 3 1-2 0 |=(A+2°(A-4)
0 -2-x

Eigenvalues A= 4, A,=-2

The eigenspaces for these two eigenvalues are as follows.
Ex={(1,1,0)} correspondingto A ;=4
Ewn=1{(1,-1,0),(0,0,1)} correspondingto A,=-2

EXAMPLE
: 1 00 O
. . o 01 5 -10
Find the eigenvalues and corresponding eigenspaces of A = 0 2 o
1 00 3
Characteristic equation
I-A 0 0 0
A -] = 0 1= 3 _10—@ 2L —2)(A—3)=0
0 2-a 0| -

1 0 0 3-A

Eigenvalues A= 1, A,=2, A3=3

For A =1
0 00 0 |x 0
0 0 5 -10]x, 0
(A=A Dx= =
1 01 0 |x, 0
1 00 2 |x, 0
X, -2t 0 -2
X s 1 0
9 2 = =S +t . S,t * O
X, 2t 0
X, t 0
0][-2
1110 ]. : : :
> oll 2 is a basis for the eigenspace of A corresponding to A= 1
0_
For A,=2

26
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0
3 . . : :
> ! is a basis for the eigenspace of A corresponding to A= 2
0
For A;=3
0
-5 . . : :
> 0 is a basis for the eigenspace of A corresponding to A3=3
1
Lemma

Let T be a linear operator on a finite-dimensional vector space V, and let A, A,..., Ak
be distinct eigenvalues of T. For each i = 1, 2, ...k, let vie E,, the eigenspace
corresponding to A. If vi+ vo+...+ v = 0, then v; = 0 for all i.

P TEFREZAREZR VampBdaEF > 2 A, Ao, M » k B R
Eigenvalues ° vi ,va,..., Vk » 1B ¥ & A e eigenvectors © & vit vyt+...tvg = 0 Bl v; =
0o

[ Proof)

Suppose otherwise. By renumbering if necessary, suppose that, for | =m =k, we have

v; #0 for 1 =1=m, and v; = 0 for i > m. Then, for each i=m, vj is an eigenvector of T

corresponding to A; and v;+ vy+...+ vy, = 0. According to Theorem 5.5, these v;i’s are

linearly independent. We conclude that, therefore, that v; = 0 for all 1.

Theorem 5.8

Let T be a linear operator on a vector space V, and let Aj, Ap,..., Ax be distinct
eigenvalues of T. For each 1 =1, 2, ..., k, let S;be a finite linearly independent subset of
eigenspace E,. Then S=S,US, U...US, is a linear independent subset of V.

P TEAFRNERAPEZR VaREEFELEF > 2 A, Mo, M » k BAP R
Eigenvalues - S; €_Eigensapce E, e b= 3+ £ & > BIS=S,US, U...US, £V ez
M+ EE o

[ Proof)

Suppose that for each 1

27
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S, ={V,, Vs Vi, }.

Then S={v;:1<j<n;,and 1<i<k}.

Consider any {a;} such that

k n

Z Zam =0.

i=l j=I

n;
Foreachi, let w, = Z:aijvij .
j=l

Then w;e E; for each i, and w;+...+wy = 0. Therefore, by the lemma, w; = 0 for all 1.

But each §; is linearly independent, and hence a;; = 0 for all j.

We conclude that S is linear independent.

Theorem 5.8 tells us how to construct a linearly independent subset of eigenvectors,

namely, by collecting bases for the individual eigenspaces. The next theorem tells us when the

resulting set is a basis for the entire space.

Theorem 5.8 £ 773\ ¥ i%iF B %] eigenspace ez 45 1! eigenvectors 4|4 jh = +

ke

Theorem 5.9

Let T be a linear operator on a finite-dimensional vector space V such that the
characteristic polynomial of T splits. Let A1, A, ..., Ak be distinct eigenvalues of T. Then

(a) T is diagonalizable if and only if the multiplicity of A; is equal to dim(E,;) for all 1.

(b) If T is diagonalizable and [; is an ordered basis for E,;, for each i, then

B=B,UP,U...UP,is an ordered basis for V consisting of eigenvectors of T.

P TEFTRZRPEZR VaoRPEEFELES > ¥ A, My, M5 k B R
Eigenvalues °

@T v eitm Ty | E2L N TPLE&ENE; AR -

by TFH4&tr B L Eyhi FAK RIB=BUBU...UB % V5 B A

R » ¥ d T #eigenvectors #7i3 o

28



Linear Algebra- Chapter 5 2008/09/30

Let T be a linear operator on an n-dimensional vector space V. Then T is diagonalizable
if and only if both of the following conditions hold.

ETAnAe REE VAL o N T 57 e 0 h T FIE | G
1. The characteristic polynomial of T splits. T erdF e 38 5\ 7 & fE = - =X F]50 o
2. For each eigenvalue A of T, the multiplicity of A equals n — rank(T-Al).%t T e -

Eigenvalue A > A 48 € #c & % n — rank(T-Al) o

EXAMPLE 5

We test the matrix
310

A=|0 3 0|eM, (R) fordiagonalizability.
0 0 4

The characteristic polynomial of A is det(A-tl) = -(t-4)(t-3)%, which splits, and so
condition 1 of the test for diagnoalization is satisified. Also A has eigenvalues A; =4 and A,

= 3 with multiplicity 1 and 2, respectively. Since A; has multiplicity 1, condition 2 is

satisified for A;. Thus we need only test condition 2 for A,.
010
Because A—Al=[{0 0 O] hasrank 2, we see that 3 — rank(T-AI) = 1, which is not
0 0 1

the multiplicity of A,. Thus condition 2 fails for A,, and A is therefore not diagonalizable.

EXAMPLE 6
Let T be the linear operator on P»(R) defined by
T(f(x)) = f(1) + £2(0)x + (£(0)+£(0))x".

We first test T for diagonalizability. Let o denote the standard ordered basis for P»(R)

and B =[T],. Then
1 11
B=|{0 1 0f.

01 2

The characteristic polynomial of B, and hence of T, is —(t-1)*(t-2), which splits.

29
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Hence condition 1 of the test for diagnoalization is satisified. Also B has eigenvalues
A =1 and A, = 2 with multiplicity 2 and 1, respectively. Condition 2 is satisfied for A,

because it has multiplicity 1. So we need only verify condtion 2 for A,. For this case,

0 1 1
3—rank(B—A I)=3-rank|0 0 0|=3-1=2, which is equal to the multiplicity
01 1

of A;. Therefore T is diagonalizable.
- Find an ordered basis y for R of eigenvectors of B. We consider each eigenvalue
separately.

The eigenspace corresponding to A; =1 is

X, 0 I 1})x, 0
E, =N(T-AI)=4|x,|eR*:|0 0 0|x,|=|0]|,
X, 0 I TAx, 0

Which is the solution space for the system
X, +x;=0,
1Y[ 0
and thus y, =4/ 0],| —=1|; asa basis.
0)(1

The eigenspace corresponding to A= 2 is

X, -1 1 T1)x 0
E, =N(T-A,D)=1|x, [eR’:[ 0 -1 0| x,|=|0],
X, 0 I O)x, 0

Which is the solution space for the system
-X, +X, +x;=0

b

x,=0
1
and thus y, =</ 0 |; as a basis.
1
(0
Let y=vy,Uy,=4/0},|-1},|0
0)\1

Then v is an ordered basis for R* consisting of eigenvectors of B.
Finally, observe that the vectors in y are the coordinate vectors relative to o of the

vector in the set
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B ={l,—x +x°,1+x°}, which is an ordered basis for P,(R) consisting of eigenvectors

of T. Thus
1 00
[T];=|0 1 0.
0 0 2
EXAMPLE 7

0 -2
Let A= .
1 3
We show that A is diagonalizable and find a 2x2 matrix Q such that Q'AQ is a
diagonal matrix. We then show how to use this result to compute An for any positive
integer n.
First observe that the characteristic polynomial of A is (t - 1)( t - 2), and hence A has

two distinct eigenvalues, A; = 1 and A, = 2. By applying the corollary to Theorem 5.5 to the

operator L, we see that A is diagonalizable. Moreover

T

are bases for the eigenspaces Ey; and E;,, respectively. Therefore

-2\ (-1
y=v,Uy, = {( . }[ . j} is an ordered basis for R* consisting of eigenvectors of

1 0
Let D=Q'AQ=[L,], =
Q AQ=[L,1s (0 2)
To find A" for any positive integer n, observe that A= QDQ™". Therefore

(1m0, 2-2"  2-2
A“=(QDQ‘1)“=...=QD“Q‘=Q[O 2an =...=[_1+2n —1+2““J
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