
Chapter 17  
Planar Kinetics of a 
Rigid Body: 
Force and Acceleration 
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17.1  Moment of Inertia
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MOMENT OF INERTIA 
(continued)

The figures below show the mass moment of inertia 
formulations for two flat plate shapes commonly used when 
working with three dimensional bodies.  The shapes are often 
used as the differential element being integrated over the entire 
body.
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Parallel-Axis Theorem  (平行軸
 

原理) 
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17.2  Planar Kinetic Equation of 
Motion 
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=

• In words: the sum of all the external forces acting on the body is equal 
to the body’s mass times the acceleration of it’s mass center.
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EQUATIONS OF ROTATIONAL MOTION

We need to determine the effects caused by the moments of 
the external force system.  The moment about point P can 
be written as

Σ
 

(ri ×
 

Fi ) + Σ
 

Mi =  rG ×
 

maG +  IG α
Σ

 
Mp = Σ( Mk )p

=

where Σ
 

Mp is the resultant moment about P due to all the 
external forces.  The term Σ(Mk )p is called the  kinetic 
moment about point P.
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If point P coincides with the mass center G, this equation reduces 
to the scalar equation of Σ

 
MG = IG α

 
.

In words:  the resultant (summation) moment about the mass 
center due to all the external forces is equal to the moment of 
inertia about G times the angular acceleration of the body.

Thus, three independent scalar equations of motion may be used 
to describe the general planar motion of a rigid body.  These 
equations are:

EQUATIONS OF ROTATIONAL MOTION 
(continued)

Σ
 

Fx =  m(aG )x

Σ
 

Fy =  m(aG )y

and Σ
 

MG =  IG α
 

or   Σ
 

Mp  =  Σ
 

(Mk )p
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D’Alembert’s Principle
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When a rigid body undergoes only translation, all the particles of 
the body have the same acceleration so aG = a and α = 0.  The 
equations of motion become:

Note that, if it makes the problem easier, the moment equation 
can be applied about other points instead of the mass center.  In 
this case, 

ΣMA = (m aG ) d .

EQUATIONS OF MOTION:  TRANSLATION ONLY 
(Section 17.3)

Σ
 

Fx =  m(aG )x

Σ
 

Fy =  m(aG )y

Σ
 

MG =  0
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When a rigid body is subjected to 
curvilinear translation, it is best to 
use an n-t coordinate system.  Then 
apply the equations of motion, as 
written below, for n-t coordinates.

EQUATIONS OF MOTION:  TRANSLATION ONLY 
(continued)

Σ
 

Fn  =  m(aG )n

Σ
 

Ft  =  m(aG )t

Σ
 

MG =  0   or

Σ
 

MB =  e[m(aG )t ] – h[m(aG )n ]
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PROCEDURE FOR ANALYSIS
Problems involving kinetics of a rigid body in only translation 
should be solved using the following procedure:
1. Establish an (x-y) or (n-t) inertial coordinate system and specify 

the sense and direction of acceleration of the mass center, aG .

2. Draw a FBD and kinetic diagram showing all external forces, 
couples and the inertia forces and couples.

3. Identify the unknowns.

5. Remember, friction forces always act on the body opposing the 
motion of the body.

4. Apply the three equations of motion:

Σ
 

Fx =  m(aG )x Σ
 

Fy =  m(aG )y Σ
 

Fn  =  m(aG )n Σ
 

Ft  =  m(aG )t

Σ
 

MG =  0   or     Σ
 

MP  =  Σ
 

(Mk )P     Σ
 

MG =  0   or   Σ
 

MP  =  Σ
 

(Mk )P
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Given:A 50 kg crate rests 
on a horizontal 
surface for which the 
kinetic friction 
coefficient μk = 0.2.

Find: The acceleration of 
the crate if P = 600 N.

Plan: Follow the procedure for analysis.

Note that the load P can cause the crate either to slide or to 
tip over. Let’s assume that the crate slides.  We will check 
this assumption later.

p. 417, EXAMPLE 17.7
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The coordinate system and FBD 
are as shown.  The weight  of 
(50)(9.81) N is applied at the center 
of mass and the normal force Nc 
acts at O.  Point O is some distance 
x from the crate’s center line.  The 
unknowns are Nc , x, and aG .

EXAMPLE 
(continued) 

Applying the equations of motion:

Solution:

Σ
 

Fx =  m(aG )x :  600 – 0.2 Nc =  50 aG

Σ
 

Fy =  m(aG )y :  Nc – 490.5  =  0
Σ

 
MG =  0:  -600(0.3) + Nc (x)-0.2 Nc (0.5)  =  0

Nc =  490 N
x  =  0.467 m
aG =  10.0 m/s2
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Since x = 0.467 m < 0.5 m, the crate slides as originally 
assumed.

If x was greater than 0.5 m, the problem would have to be 
reworked with the assumption that tipping occurred.

EXAMPLE 
(continued) 
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p. 420, 17-24 
The 4-Mg uniform canister contains nuclear waste material 
encased in concrete. If the mass of the spreader beam BD is 50 kg, 
determine the force in each of the links AB,CD, EF, and GH when 
the system is lifted with an acceleration of a = 2 m/s2 for a short 
period of time.
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p. 422, 17-36 
The forklift travels forward with a constant speed of 2.7 m/s. Determine 
the shortest stopping distance without causing any of the wheels to 
leave the ground. The forklift has a mass of 1000 kg with center of 
gravity at G1 , and the load weighs 4500 N (= 450 kg) with center of 
gravity at G2 . Neglect the weight of the wheels.
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p. 423, 17-44 
The handcart has a mass of 200 kg and center of mass at G. Determine 
the normal reactions at each of the two wheels at A and at B if a force P 
= 50 N  is applied to the handle. Neglect the mass of the wheels. 
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EQUATIONS OF MOTION FOR PURE ROTATION 
(Section 17.4)

∑
 

Fn = m (aG )n = m rG ω2

∑
 

Ft = m (aG )t = m rG α
∑

 
MG = IG α

Since the body experiences an angular acceleration, its inertia 
creates a moment of magnitude IG α

 
equal to the moment of 

the external forces about point G.  Thus, the scalar equations 
of motion can be stated as:

When a rigid body rotates about a fixed axis 
perpendicular to the plane of the body at 
point O, the body’s center of gravity G 
moves in a circular path of radius rG . Thus, 
the acceleration of point G can be represented 
by a tangential component (aG )t = rG α

 
and a 

normal component  (aG )n = rG ω2.
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EQUATIONS OF MOTION 
(continued)

∑Fn = m (aG ) n = m rG ω2

∑Ft = m (aG ) t = m rG α

∑MO = IO α

From the parallel axis theorem, IO = IG + m(rG )2, therefore 
the term in parentheses represents IO .  Consequently, we can 
write the three equations of motion for the body as:

Note that the ∑MG moment equation may be replaced by a 
moment summation about any arbitrary point.  Summing the 
moment about the center of rotation O yields

∑MO = IG α
 

+ rG m (aG ) t = (IG + m (rG )2 ) α
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Given:A rod with mass of 20 kg is rotating at 5 rad/s at the 
instant shown.  A moment of 60 N·m is applied to the rod.

Find: The angular acceleration α
 

and the reaction at pin O when 
the rod is in the horizontal position.

Plan: Since the mass center, G, moves in a circle of radius
1.5 m, it’s acceleration has a normal component toward O 
and a tangential component acting downward and 
perpendicular to rG .  Apply the problem solving procedure.

p. 429, EXAMPLE 17.10
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EXAMPLE 
(continued)

Using IG = (ml2)/12 and rG = (0.5)(l), we can write:

∑MO = α[(ml2/12) + (ml2/4)] = (ml2/3)α
 

where (ml2/3) = IO .

FBD & Kinetic Diagram

After substituting:
60 + 20(9.81)(1.5) = 20(32/3)α

Solving: α = 5.9 rad/s2

Ot = 19 N

Equations of motion:
+ ∑Fn = man = mrG ω2

On = 20(1.5)(5)2 = 750 N

+ ∑Ft = mat = mrG α
-Ot + 20(9.81) = 20(1.5)α

+ ∑MO = IG α
 

+ m rG α (rG )

Solution:
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p. 434, 17-60 
A motor supplies a constant torque M = 2 N⋅m to a 50-mm-diameter shaft 
O connected to the center of the 30-kg fly wheel. The resultant bearing 
friction F, which the bearing exerts on the shaft,  acts tangent to the shaft 
and has a magnitude of 50 N. Determine how long the torque must be 
applied to the shaft to increase the flywheel’s angular velocity from 4 rad/s 
to 15 rad/s.  The flywheel has a radius of gyration kO = 0.15 m about its 
center .
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p. 436, 17-76 
The slender rod of length L and mass m is released from rest when θ = 0°. 
Determine as a function of θ the normal and the frictional forces which are 
exerted by the ledge on the rod at A as it falls downward. At  what angle θ

 does the rod begin to slip if the coefficient of static friction at A is μ ?
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p. 439, 17-88 
Disk D turns with a constant clockwise angular velocity of 30 rad/s.  Disk 
E has a mass of 30 kg and is initially at rest when it is brought into 
contact with D. Determine the time required for disk E to attain the same 
angular velocity as disk D. The coefficient of kinetic friction between the 
two disks is μK = 0.3. Neglect the weight of bar BC.
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Equations of Motion: General 
Plane Motion 
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GENERAL PLANE MOTION 
(Section 17.5)

When a rigid body is subjected to external 
forces and couple-moments, it can 
undergo both translational motion as well 
as rotational motion.  This combination is 
called general plane motion.

∑
 

Fx = m (aG )x

∑
 

Fy = m (aG )y

∑
 

MG = IG α
P

Using an x-y inertial coordinate 
system, the equations of motions about 
the center of mass, G, may be written 
as
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GENERAL PLANE MOTION 
(continued)

Sometimes, it may be convenient to write 
the moment equation about some point P 
other than G.  Then the equations of 
motion are written as follows.

∑
 

Fx = m (aG )x

∑
 

Fy = m (aG )y

∑
 

MP = ∑
 

(Mk )P

P

In this case, ∑
 

(Mk )P represents the sum of the 
moments of  IG α and  maG about point P.
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FRICTIONAL ROLLING PROBLEMS

When analyzing the rolling motion of wheels, cylinders, or disks, 
it may not be known if the body rolls without slipping or if it 
slides as it rolls. 

For example, consider a disk with mass m 
and radius r, subjected to a known force P.

The equations of motion will be
∑

 
Fx = m(aG )x =>   P - F = maG

∑
 

Fy = m(aG )y =>   N - mg = 0
∑

 
MG = IG α  =>   F r  =  IG α

There are 4 unknowns (F, N, α, and aG ) in 
these three equations.
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Hence, we have to make an assumption 
to provide another equation.  Then we 
can solve for the unknowns.  

The 4th equation can be obtained from 
the slip or non-slip condition of the disk.

Case 1:
Assume no slipping and use aG = α r as the 4th equation and 
DO NOT use Ff = μs N. After solving, you will need to verify 
that the assumption was correct by checking if Ff ≤ μs N.
Case 2:
Assume slipping and use Ff = μk N as the 4th equation.  In 
this case, aG ≠ αr.

FRICTIONAL ROLLING PROBLEMS 
(continued)
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Find: The angular acceleration (α) of the spool. 

Plan: Focus on the spool.  Follow the solution procedure (draw 
a FBD, etc.) and identify the unknowns.

p. 442, EXAMPLE 17.13

Given: A spool has a mass of 8 kg and a radius of gyration (kG ) 
of 0.35 m.  Cords of negligible mass are wrapped around 
its inner hub and outer rim.   There is no slipping.
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EXAMPLE 
(continued)

The moment of inertia of the spool is
IG = m (kG )2 = 8 (0.35)2 = 0.980 kg·m 2

Method I
Equations of motion:
∑Fy = m (aG )y

T + 100 -78.48 = 8 aG
∑MG = IG α

100 (0.2) – T(0.5) = 0.98 α
There are three unknowns, T, aG , α.   We need one more equation 
to solve for 3 unknowns. Since the spool rolls on the cord at point 
A without slipping, aG = αr.  So the third equation is: aG = 0.5α

Solving these three equations, we find: 
α =10.3 rad/s2, aG = 5.16 m/s2, T = 19.8 N

Solution:
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Method II
Now, instead of using a moment 
equation about G, a moment equation 
about A will be used. This approach will 
eliminate the unknown cord tension (T). 

Using the non-slipping condition again yields aG = 0.5α.

Σ
 

MA = Σ
 

(Mk )A :  100 (0.7) - 78.48(0.5) = 0.98 α + (8 aG )(0.5)

EXAMPLE 
(continued)
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p. 447, 17-92 
The 10-kg semicircular disk is rotating at ω = 4 rad/s at the instant θ

 = 60°. Determine the normal and frictional forces it exerts on the 
ground at this instant. Assume the disk does not slip as it rolls.
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p. 449, 17-108 
A uniform rod having a mass of 5 kg is pin supported at A from a roller 
which rides on a horizontal track. If the rod is originally at rest, and a 
horizontal force of F = 75 N is applied to the roller, determine the 
acceleration of the roller. Neglect the mass of the roller and its size d in 
the computations.
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75
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p. 451, 17-120 
If the truck accelerates at a constant rate of 6 m/s2, starting from rest, 
determine the initial angular acceleration of the 20-kg ladder. The 
ladder can be considered as a uniform slender rod. The support at B is 
smooth.
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