CHAPTER SIX
The Calculus of Residues

§6-1 Singularities and Zeroes

& Laurent Series

0

f(@)=> c(z-z)"

n=-0o

= f(2)=+c,(z=2)  +c (z—2)) " +c,+¢(z—z,) +-+

% Some Definitions:
1) Principal part and analytic part
The portion of the Laurent series containing only the negative powers of (z—z,) is called principal

part; the remainder of the series — the summation of the terms with zero and positive powers — is
known as the analytic part.
2) Pole of order N

A function whose Laurent expansion about a singular point z, has a principal part, in which the most
negative power of (z—z,) is —N, is said to have a pole of order N at z,.

¢ A function has a pole of order one, at some point, is said to have a simple pole at that point.

1. Singular Point (Singularity)
Apoint z, is called a singular point of the function f (or called a singularity of the function f), if f°

is not analytic at z = z,, but every neighborhood of z, contains at least one point at which /" is
analytic.

y)\

|z—2z,|<€

2. Isolated Singularity (Isolated Singular Point).
Apoint z, is an isolated singularity (or an isolated singular point) of the function f, if /" is not
analytic at z =z, butis analytic in a deleted neighborhood of z,.
That is, f is analytic in
R'(z,,e)={z]|0<|z~z,|<e, z and € eC}
L) Nonisolated singularity
A singular point z =z, ofa function f(z) is nomisolated if every neighborhood of z, contains
at least one singularity of f(z) other than z,.

Example 1
The function
z

f(@)==
z'+4
In other words, f(z) is analytic in the deleted neighborhoods 0<|z—2i|<1 and 0<|z+2i|<1.

= z=1%2i both are isolated singularities

The function
f(z)=Lnz

= The branch point z =0 is anon-isolated singularity of f(z) since every neighborhood of
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z=0 contains points on the negative real axis.

Example 2
The function
1
Z)=——
/@) sin(zr/ z)
has the singular points z=0 and z=1/n, n==%1, £2, ---, all lying on the segment of the real axis

from z=-1 to z=1.

Each singular point except z=0 is isolated.

The singular point z =0 is not singular because every deleted e neighborhood of the origin
contains other singular points of the function f(z).

3. Removable Singularity
Let f(z) be analytic in the punctured disk

0<|z-z,|<€

and let

lim(z -2, f(2) =0
Then f(z) hasaremovable singularity at z =z,.
In other words, f(z) can be assigned a value f(z) at z, so that the resulting function is
analyticin |z—z,|<€.
The proof of this theorem can be seen in the textbook " Complex Variable, Levinson / Redheffer"
from p.154 to p.154.

Example 3
Consider the function
sin z
f(z)=
z

1) Because 0/0 is undefined, the point z=0 is singular.
2) Since sinz=z-2z'/342z"/5!—+---, we have

sin z z z . . ) )
=1- ; + ; —--- = Taylor series on the right represents an analytic function
z ! !
3) By defining f(0) =1, we obtain a function

sinz
—=, z#0

f(2)=1 z
1, z=0

which is analytic for all z . The singularity of f(z) at z=0 has been removed by an
appropriate definition of f(0) .
= z=0 isaremovable singular point.

z

& z=0 isalsoaremovable singular point of the function f(z)=e""*.

4. Pole and Essential Singularity
1) If the Laurent Series

N n - bﬂ
J@)=2a,(z-z)" + L ——
n=0 n=1 (Z_ZO)
In the neighborhood of an isolated singular point z =z, contains only a finite number of negative

powers of z—2z,,then z=z, iscalledapoleof f(z) .

If (z—2z,)™ is the highest negative power in the series (expansion), the pole is said to be of order
m and the series
S b b, N b, - b

n m

= .J'_
= (z-z,)" z—zy (z-2,) (z—zy)"

is called the principal part of f(z) at z=z,.
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Then, the Laurent series is rewritten as
/(@)= Za oz 4 —
=l (z— Zo)
2) Ifthe Laurent series of f(z) in the neighborhood of an isolated singular point z =z, contains
infinitely many negative powers of z —z,, then
zZ=2Z

is called an essential singularity of f (z) .

= f2)= Za (z—z,)" +Z
=l (z— Zo)
Example 4
The function
1

Z)=——
/() 1)
has singularities at z=0 and z=1.
1) Laurent series about z=0:
f(z)=z"+2+43z+4z"+..,0< |Z|< 1

= z=0 isapole of order I.
2) Laurent series about z=1:

f@=E-D"+C-D"+1-(z-D+(z-1)"+, 0<|z-1|<1
= z=1 isapole of order 2.

Example 5
The function

sin—=z ——+— , z#0
z 3t 5l
= z=0 1is an essential singularity
Example 6
Consider the function
el/(z—l)
(z=1)?
u2
Using e“ =1+u EETRE and putting u =(z—1)"", we find that
1/(z-1) 4
e _ _ z—-1
2=(z—1)2+(z—1)3+—( )+-~, z#1
(z-1) 2!
= z=1 1is an essential singularity

& Three different kinds of principal part:
1) A principal part with a positive finite number of nonzero terms.

Ex. ¢ (z—z) "+ c_vn(z— z) MVt (z—2z,)", where ¢, %0

2) There are an infinite number of nonzero terms in the principal part.

3) There are functions possessing an isolated singular point z, such that a sought-after Laurent
expansion about z;, will be found to have no term in the principal part, that is, all the coefficients

involving negative powers of (z—z,) are zero.

5. Some Examples about Pole and Singularity
1) Pole
If

a) lim(z-z)"f(z) existand

150



b) }anl (z=2z)"f(2)#0
= z=z, isapoleofordermof f(z) .
* A pole of order one is a simple pole.
2) The order of the pole for a function of the form f(z) = g(z)/h(z):
If g(z) and Ah(z) are analyticat z,,with g(z,)#0 and #A(z,)=0,then f(z) will have an
isolated singularity at z,.
Let

N+1

h(z)zaN(z—zO)N+a z—z,) +-,where ay,#0 and N2>1.

Using the above equation, we have

f(2) = g(z)

N N+1
a,(z—z,) +a, (z—z) "+

N+1(

To show that this expression has a pole of order N at z,, consider

tim[ (z—2,)" /()] = lim (z-2z,)"g(2) _

N
=aa,(z—-z,) +a,, (z—z,) +..

:hm g(Z) :g(ZO)
=ana,+a, (z-z)+.. a,

Since this limit is finite and nonzero, we may conclude the following rule:

Rule I (Quotients):

If f(z)=g(z)/h(z), where g(z) and h(z) are analytic at z,, and if %(z,)=0 and g(z,)=0,
then the order of the pole of f(z) at z, isidentical to the order of the zero of /(z) at this point.

& For the case of /(z,)=0 and g(z,)=0,if

lim f(z) = lim[g(z)/h(z)] =
then f(z) hasapoleat z,,whereas if
lim f/(z) = lim[g(z)/ h(z)] = finite

f(z) has aremovable singularity at z,.
L’Hoéspital rule is often useful in finding the limit.
Rule IT (Quotients):
The order of the pole of f(z)=g(z)/h(z) at z,is the order of the zero of g(z) at this point less

the order of the zero of g(z) at the same point.

Example 7
The function f defined by
2z+3
f@) =3
(z=1D(z=-2)
Since
2z+3
lim(z-1)f(z)=lim——=-5=0
71 ( )f( ) z-1 (2_2)3
= z=1 isasimple pole of f(z) .
and
lim (z-2)* f(2) = lim 223 _ 5.0
z—> z—> zZ—
= z=2 isapole of order 3 of f(z) .
& BRIz &SP 3T E R A% H order o
Example 8
The function f defined by
f()=25 forall [z]<0
z
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Hence lin(} 2 f(z)= lin(} sinz=0
The limit of ling z* f(2) exists, but equal to 0. Therefore, we can not say that z=0 is a pole of order

four of the function f(z).
However, if we take

lim 2 £ (z) = lim 222 = 1 %0
z—0 -0 z
= z=0 isapole of order 3 of the function f(z) .
We can also use following method to determine the order of z=0 :
Z3 Z5 Z7
n: ats
sin z ! ! !
f@)=—77= 7
z z
1 11 z 2z
=t —— —
2 31z 517!
F5 b T B DS 0 e
z
= z=0 isapoleoforder3of f(z).
Example 9

Discuss the singularity of

f(2)=

ZCOSZz
(z=1D)(2> +1)*(2* +32+2).

<Sol.>
Factoring the denominator, we have

ZCOSZ
T S TS Sy S

There is a pole of order 1 at z=1 since

' ) L (z—1)zcosz _ cosl
lim[(z =1/ (2)] = lim (z=D(z+i)(z=)’(z+2)(z+1) 24

which is finite and nonzero.
There is a pole of order 1 at z=—i since

. 2 L (z+i)’zcosz _ —icos(—i)
lim| (= +0*/ (Z)]_Zlglnf(z—1)(z+i)2(z—i)2(z+2)(z+l)_ 82—i)

Similarly, there is a pole of order 2 at z=i and polesoforderl at z=-2 and z=-1.

Example 10
Discuss the singularity of

f(2)=

z

e

sinz’
<Sol.>
Wherever sinz=0, thatis, for z=kxr, k=0, £1, £2, ---, f(z) has isolated singularities.
Assuming these are simple poles, we evaluate
lim, , [ (z—k7)e /sinz

This indeterminate form is evaluated from L’Hspital’s rule and equals
. (z—kme +¢€ e

lim = .
2k cosz coskrm

Because this result is finite and nonzero, the pole at z =k~ is of first order.

Example 11
Find the order of the pole of (z* +1)/(e’ +1) at z=ir.
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<Sol.>
With g(z)=(z*+1) and Ah(z)= (e +1), we verify that
g(ir)=-n"+120 and h(ir)=(e" +1)=0
To find the order of zero of h(z)=(e* +1) at z =iz, we make the Taylor expansion
h(z)=e +1=c,+c(z—im)+c,(z—in)
Note that ¢, =0 because at A(iz)=0.
Since

=—1#0

z=im

d .
(e} :E(e +1)

We see that /(z) has a zero of order 1 at z =iz . Thus, by Rule I, f(z) hasapole of order I at

z=Irx.
Example 12
Find the order of the pole of
sinh z
f(2)=—= at z=0.
sin” z
<Sol.>

With g(z)=sinhz and h(z)=sin’z, we find that
2(0)=0 and ~(0)=0

Since
23 5
g(z)=sinhz= z+§+§+~--
We see that g(z) has azero oforder 1 at z=0.

Because

315! 3!
We see that the lowest power of z in the Maclaurin series for /(z) =sin’z is 5. Thus, sin’z hasa
zero of order 5 at z=0. The order of the pole of f(z) at z=0 is, by Rule II, the order of the zero

5
. s 2 7 s 57
h(z)=sinz=|z——+——-| =27 ——+-+-

of sin’z less than the order of the zero of sinhz, thatis, 5—-1=4.

Example 13
Find the poles and establish their order for the function

1
(Lnz—iz)(z"* -1)

<Sol.>

Both the principal branch of z"
y=0, —0o<x<0

> and Lnz are analytic in the cut plane defined by the branch cut

This cut plane is the domain of analyticity of f(z) .
If Lnz—iz =0, we have
Lnz=iz or z=¢€" =-1
This condition can not occur in the domain. Alternatively, we can say that z=—1 is not an isolated
singular point of f(z) since it lies on the branch cut containing all nonisolated singular points of

/(2.
Consider z">-1=0, or
Zl/2 — 1
Squaring, we get z =1. Since the principal value of 1"> is I, we see that f(z) has an isolated
singular pointat z=1. Now

z"? -1 :ch(z—l)".

n=0
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We readily find that
¢, =0 and ¢ = [(1/2)/z”2]| 1

z=

This shows that z">—1 has a zero of order 1 at z=1.
Since

[ 1 j
Lnz—-in
f(2)= 12
z' =1
and the numerator of this expansion is analytic at z=1 while the denominator z"*>—1 has a zero of
order 1 at the same point, the given f(z) must, by Rule I, have a simple poleat z=1.

1/

& Comments on the term “pole”
DIf f(z) hasapoleat z=z, then lim_, f(z)=0o0.

2) Equivalently, | f (z)| — unbounded as z—z,.

3) Suppose f(z) has apole of order Nat z=z,. Then

f(2)= ch(Z_Zo)iN +cf(N71)(Z_Zo)7(N71) +eot o to(z—z))+,

= (z _Zo)Nf(Z) =C Tt c—(N—l)(Z —zy)+- e (z—z)

Dividing both sides of this equation by (z-—z,)", we have this representation of f(z) ina

N+1
R

neighborhood of z=z;:

f@=y()Nz-z)"
where

w(z)=c y+ c_(N_l)(z —2z,)+ c_(N_z)(z— Zy) + -
and ¢ , #0.

Thus, as z — z,, we have

f(Z) ~ l//(ZO) _ C—N

(z—z)"  (z-2)""

and so

o)=L

~
|(Z —Z )|
We see that the higher the order NV of the pole, the more steeply will be the surface depicting | f (z)|

riseas z— z,.

Example 14
Using MATLAB, obtain a plot of | f (z)| = |l z(z— 2)2]| and make comments on the poles of f(z) .

<Sol.>
MATLAB commands:

% plot for f(z)

x=linspace(-3,3,200);

y=linspace(-1,1,200);

[X,Y ]=meshgrid(x,y);

z=X+1*Y;

f=2.%(z-2)."2;

=1./1;

f=abs(f);mesh(X,Y,f);AXIS([-1.0 3.5 -1 1 0 10]);
view(10,15)
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-1 0 1 2 3

H.W.1 (a) Using MATLAB, obtain a plot similar to that of Example 14 but use the function

1
Z)=————————
/(@) (z+2)(z-2)’z
which has two poles of order 2, and a simple pole.
(b) We have observed that the magnitude of a function does not have a limit of infinity at an essential

singularity. Illustrate this by generating a MATLAB plot of the magnitude of e'” in the region
0< |z| <1. For a useful plot, it is best not to let |z| to get too close to zero — as you will see after

some experimentation.
[ ﬂ\i{a‘ﬁ B : A. David Wunsch, Complex Variable with Applications, 3 ed., Problem 7, Exercise 6.2,
Pearson Education, Inc., 2005.)

H.W.2 A nonisolated essential singular point of a function is a singular point whose every neighborhood
contains an infinite number of isolated singular points of the function. An example is
f(z)=1/sin(1/z) , whose nonisolated essential singular pointisat z=0.

(a) Show that in the domain |z| < € (e >0), there are plots at
z=x1/nx, £1/(n+ Dz, £1/(n+2)x, -
where n is an integer such that n>1/(7€).
(b) Is there a Laurent expansion of f(z) in a deleted neighborhood of z=07?
(c) Find a different function with nonisolated essential singular point at z =0. Prove that is has an
infinite number of isolated singular points inside |z| =€.

[ #3g4 p : A. David Wunsch, Complex Variable with Applications, 3" ed., Problem 36, Exercise 6.2,
Pearson Education, Inc., 2005.])

§6-2 Residue Theorem

& Definition of Residue
Let f(z) be analytic on a simple closed contour C and at all points interior to C except for the point

z, - Then, the residue of f(z) at z,, written Res f(z) or Res[ f(z2),z,] , is defined by
1
Res /(2) = Res[f(2), 2,] = %gfch(z)dz

% Connection between Res f(z) and the Laurent series of f(z)

1) Laurent expansion of f(z):
f(2)=tc,(z=z) " +c (z—z))  +c, +c(z—z2,) +---, 0<|z—z|<R
2)Residue of f(z) at z=z;:
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Res[f(2),2,] = ﬁ‘f’c f(2)dz

1 o0
=— c(z—2z))'dz
27i \z—zo\:r,z (272)

1=—00

Ly, (RN

27 s
Note that
"y 0, n=#-1
4}\2720\:"(2 ) dz= {Zm', n=-1

Thus, we have

Res[f(z),zo] =c,

& Theorem

N

The residue of function f(z) at the isolated singular point z, is the coefficient of (z—z,)" in the

Laurent series representing f(z) inan annulus 0 < |z - zo| <R.

Example 1
Let
1
J@=- oD
Using the above theorem, find
1
S-Sz

where C is the contour shown in the left figure.
<Sol.>
From the shown figure, we know that z=1 isan
isolated singularity. We consider two Laurent series
expansions of f(z) that converge in annular regions
centeredat z=1:
1

z(z-1)

=Gz-D)2=(z-1) +(z-1) "=,

z(z—1)

z-1|>1 ()

=(z-D)"=1+(z-1)—=(z=1)+--, 0<|z=1|<1 (1)

y
[ ! /C
s |Z_1|:1
N
\ /
/ N
/ 1
—> X
\ Z(}_?\ /
\ r=1 N/
7
4
\m_.‘"/

\ 4

The series of Eq. (1), which applies around the point z =1, is of use to us here. The coefficient of

(z=1)7" is 1, which means that

Res[;,l} =1
z(z—1)

Thus, we have

1
%gﬁfc f(2)dz=1

%  If the contour C now encloses only the singular point z=0 (for example, C: |z| =1/2), then our

solution would require that we extract the residue at z=0 from the expansion:

1 p—
z(z—-1)
= Res[ f(2),0]=-1

Thus, for this new contour we have

1 é‘} dz _
2ri* € z(z-1)

Example 2
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1
Find —(JL: zsin(l/z)dz integrated around |z|:2.
27i* €

<Sol.>
The point z=0 is an isolated singularity of sin(l1/z) and lies inside the given contour of

integration.
Laurent expansion of zsin(l/z)is

o1 1/z)" (1/z)"
zsm(—)zl—( ) ) —, |7>0
z 3! 5!

Since the coefficient of the term 1/z 1is zero, we have

Res [[z sin(l)j , 0} =0
z

Thus, we have

%@Czsma/z)dz =0
Tl

1. Three Theorems for finding Residue
1) A formula for the residue in the case of a simple pole.
If z=z, isasimplepoleof f(z)

= Resf(z)=lim (z-z)/(2)

<pf> Since z =z, isasimple pole of f(z) ,hence the corresponding Laurent series is

f(2)= Za”(z—zo)” + b,
"0 (z-2¢)
:ao+al(Z—ZO)+a2(z—zo)2+...+ b,
(z—2z)

where b, #0.
Multiplying both sides of the above equation by z —z,, we have
(z=2z))f(2)=b, +(z-zy)la, +a1(z_zo)+a2(z_zo)2 +-]
If we let z approach z,, then
lim (z-2z,) f(2)

= lim {Zan(z—zo)"“ +bl}

z-3z, n=0

=b, =Res f(2)

z=z,

2) Let the function f be defined by

O
/() )

where the function p(z) and ¢(z) are both analyticat z=z,,and p(z,)#0.

Then, f has a pole of order m at z=z,ifand ifonly z, isa pole of order m of ¢.
In particular, if z=z, isasimple pole of f(z), we have
=  Resf(z)=2 (2)
q'(z)
<pf> Since z =z, isasimple pole of f(z)

= q(zy)=0 and ¢'(z,)#0

Consequently, ¢(z) can be expanded in a Taylor's series of the form :
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q(2) =q(z) +q'(z,)(z— z) +
q”( 0)

q"(z,)
21

=q'(z) (z—z))+——=

Then, we can see that

R:esf(z) =lim (z—z,) f(z)

=lim (z-z,)

z—>2,

q'(z))(z=z,) +

_PE)
q(z,)
3) Suppose that function f is analytic in a deleted neighborhood of z,,andif z =z, isapole of
order m of f(z) .
Then, we have

|
Res f(z)=lim —————[(z—z,)" f(z
Res f(2) = lim o227/ (2)
<pf.> Since z =z, isapoleoforderm of f(z) . Then the corresponding Laurent expansion is of

the form
S b b b
z =Za z—zy)" + L+ 2 et 2
/@ =0 (2720 (z-zy) (z-2,)° (z—z,)"

where b, # 0, and the series converges in some neighborhood of z =z, except at the point

z, itself.

m

By multiply both sides of the above equation by (z—z,)", we obtain

(z-2)" f(2)

m

= Zan(z—zo)"”" +b(z—z))" " +by(z—2,)" "+ +b

m-1

This shows that the residue b, of f(z) at z =z, isnow the coefficient of (z-z,) in

the series of (z—2z,)" f(z) .

Then, we have
=2 S ()

= ian(n +m)(n+m—1)(n+2)(z—z,)"" +(m—1) b,

Hence, we obtain that

lim { - z())"’f(z)]}

2oz | 7™ 1
=(m-1)! b,
=(m-1)! b, R_es f(2)
That is,
m-1
Res z)= z—z,)" f(z
fO=0 1>'H olE=z) 1)
Example 1
Find the residue of the function
4 3z 4-3z
f(z )— =
Iz Z(Z—l)

<Sol.> Since the function f(z) hassimplepolesat z=0 and z=1
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4-3z 4-3z
= Res f(z) = =—4 and Resf(z)= =1
2=0 /@) 2z-1[z=0 ==l /@ 2z-1|z=1
Example 2
Find the residue of f(z)= % at all poles.
(z2+1)z

<Sol.>
We rewrite f(z) with a factored denominator

z

e
IO e

= simple pole: z=4i;pole oforder2: z=0
Residue at z=i:

_ 1 (z—i)e ¢
Res f(2) = Res[ f(2),7] = lim (z+D)(z-D2 2D

Residue at z=—i:

) L= lim—GFDe e
Res f(2)=Res[ f(2), ] = lim — = = =105

Residueat z=0:Let g(z)=¢" and h(z)=z>(z"+1), then

—i

. d e . (22 +1)e’ —2ze
Res = Res ,0[=1im =lim =1
63/ (@) = Res| f(2),0)=lim - = lim™— 03

Example 3
. . tanz . "
Find the residue of f(z) =———— at all singularities of tanz.
z+z+1
<Sol.>
We rewrite f(z) as

/)=
(

z? +z+l)c0sz

sin z

There are poles of f(z) for z satisfying cosz=0, thatis,
z=nx/2+kr, k=0, £1, £2, --
By expanding cosz in a Taylor series about the point z, =7/2+kzx , we have
cosz=a,(z—z,)+a,(z—z,)* ++--, where a, =—coskz #0
Since cosz hasazerooforder 1at z=z,, f(z) musthave apole of order 1 there.
Taking g(z)=sinz/(z* +z+1) and h(z)=cosz, we have h'(z)=—sinz. Thus,
|

Res f(z)=Res| f(z),7/2+kx]= =
Zn Z Z

ml2+km
_ -1
S (m/2+kn) +(x2+kn)+1
& There are also poles of f(z), for z satisfying z*+z+1=0,i.e.,
z,=—1/2+i/3/2 and z,=-1/2—i\/3/2
Residue at z, :

Res f(z) = Res[f(z),—1/2+iﬁ/2] = tan(-1/2+ix/3/2) [(i\/3)

k=0, £1, 2, -

Residue at z,:

Res /() = Res| £(2),~1/2-ix/3/2] = tan(~1/2-ix/3/2) /(=ix/3)

Example 4

172

2

Find the residue of f(z) =— at all poles. Use the principal branch of z"?.
.
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<Sol.>
We factor the denominator of f(z) and obtain
1/2

z
f(Z)=m

There is no simple pole at z=0 since the factor z"> has a branch point at this value of z that in
turn causes f(z) to have a branch point there.

However, f(z) does have apole oforder2at z=2.

Residueat z=2:

R:ezs f(2)= Res[f(z),2] =lim

zi dZ

i (2_2)221/2 ~ 1
2(z-2)" | 42"

where, because we are using the principal branch of the square root, 2" is chosen positive.

Example 5

1/z

Find the residue of f(z)= 1e at all singularities.

<Sol.>
There is a simple pole at z=1. The residuc at z=1 is

R:elsf(z) = Res[f(z),l] =e

Since
-2
. Lz
e =14z e
2!

has an essential singularity at z =0, this will also be true of f(z)=e""/(1-z).
Reside of f(z) at z=0:
Laurent expansion:

=l4+z+z"+---, |Z|<1
1-z

we have

-2

el/z 5 z )
f(z)—:—(nz +2—!+--- (1+z+z +)

:---+c_zz’2+c_lz’1+co+~~

If we multiply the two series together and confine our attention to products resulting in z™', we have

1 1
c.z! :[1+—+—+--}z1
21 3l

Thus, we see that

I 1
Res f(2) =Res[ f(2),0]=c, =1+5+§+-~-=e—1
1

where recalling the definition e' =1+ m + 51 + 3 4+

Example 6

e’ —1
sin’ z

Find the residue of f(z)= at z=0.

<Sol.>
To establish the order of the pole, we will expand both these expressions in Maclaurin series by the
usual means

2 3 5
z _ -3__ 3 2
e —-l=z+—4+—+-, sinz=z"——+--
20 3 2
Thus,
2 3
z z
. Z+ T+ +
f(2)=% -1 21 31
sin’ z , z
_7+-.
2
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Since the numerator has a zero of order 1 and the denominator has a zero of order 3, the quotient has a
pole of order 2.
Reside of f(z) at z=0:

Method I: Successive applications of L’Hospital’s Rule, we see that
1
IZ{:eOsf(z) =Res[ f(z2),0]= 5

Method I1: Using long division, we have

-1

Z’2+Z_+...
2
5 2 3
; z
2z e
2 2! 3!
= R%Sf(z)zRes[f(z),O]:coefﬁcient of z’]:%

H.W.1 For each of the following functions state the location and order of each pole and find the
corresponding residue.

(@) f(z)=SM272
zsinh z
b) f(2)=——
Sinz
_cos(l/z)
@S-
@ f(2)=—o
e +e’ +1
© f()=—

[Lo(z/e)-1]°
[ #3883 p : A. David Wunsch, Complex Variable with Applications, 3" ed., Problems 8, 10, 11, 13, and 14,
Exercise 6.3, Pearson Education, Inc., 2005.)

H.W. 2 Find the residue of the following functions at the indicated point:

@ f=—
CcoS (Z e’ +sin z)

,at z=0

1
b =3, :O
® f(2) ) at z
© £="CD 2 o and 220
z z—1

[ #3g4 p : A. David Wunsch, Complex Variable with Applications, 3" ed., Problems 22-25, Exercise 6.3,
Pearson Education, Inc., 2005.])

H.W.3 (a) Consider the analytic function f(z)=g(z)/h(z),havingapoleat z,.Let g(z,)#0,
h(z))=h'(z,)=0, h"(z,)#0.Thus, f(z) hasapoleof second order at z=z,. Show that

Res (0= Resl 212 = 3 50 o)

(b) Use the formula of part (a) to obtain
Res| %7 _
(Ln z— 1)
[ ﬂ\%{a‘ﬁ B : A. David Wunsch, Complex Variable with Applications, 3 ed., Problem 15, Exercise 6.3,
Pearson Education, Inc., 2005.)

H.W. 4 Consider the function f(z)=1/sinz . Here we use residues to obtain
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1

sin z

0
= Z c,z" for m< |z| <27z (an annular domain)

(a) Use the Laurent’s theorem to show that

et L 4

" 2xid 2"sinz
where the integral can be around |z| =R, T<R<2rx.
(b) Show that
c,=d +e +f,

where

d, :Res{%, 0}, e, :Res{%, 7Z':|, £ :Res{%, —7[:'
z""sinz z""sinz z""sinz
(c) Show thatfor n<-2, d, =0.
(d) Show that e, + f, =0 when n iseven,and e, +f, =-2/z"" forn odd.
(e) Show that ¢, =0 when n iseven,andthat ¢ ,=-1, ¢,=-2/7"+1/6, ¢;=-2/7"+7/360,
and ¢, =-2/7"" for n<-3.

[ #3g4 p : A. David Wunsch, Complex Variable with Applications, 3" ed., Problem 41, Exercise 6.3,
Pearson Education, Inc., 2005.])

H.W.5 Ifafunction f(z) is analytic everywhere in the finite plane except for a finite number of singular
points interior to a positively oriented simple closed contour C, show that

§ f(2)dz = 2mi 1}%5[% 7 (1)}

z
[ #3&4% p : James Ward Brown and Ruel V. Churchill, Complex Variables and Applications, 7" ed., Sec.
64, pp. 228-229, McGraw Hill, Inc., 2003.)

H.W.6 (a)Let n>1 be an integer. Show that the n poles of
1
2"+ ]
are at cos(2kz /(n+1))+isinkx/(n+1)), k=1, 2, -+, n.

(b) Show that the poles are simple.
(c) Show that the residue at cos(2kz /(n+1))+isin2kzx /(n+1)) is

cos(2kz /(n +1)) +isin(2kz [(n+1)) -1
(n+1)[cosRkzn /(n+1)) +isin(2kzn [(n+1))]

[ #3284 ¢ : A. David Wunsch, Complex Variable with Applications, 3" ed., Problem 26, Exercise 6.3,
Pearson Education, Inc., 2005.]

§6-3 Cauchy's Residue Theorem

1. Cauchy's Residue Theorem
If
1) Cisasimple closed curve (or contour) in a domain D.

2)  f(z) is analytic in D except at finite many points z,, z,, z;,---, z, in the interior of C. Then, we

n

have

= & S (2)dz =2ri _,Zi‘,R:es 7(2)

<pf.> Notice that the integral along C is taken in positive direction.
Let C,, C,, C,,---, C, be n circles having centers at z,, z,, z,,---, z, respectively such that

they all lie interior to C and exterior to each other, as shown in above Figure.
Hence, we have
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@C f(2)dz

=§ S (2)dz +& S @)zt +& S (2)dz
=2ri R:esf(z)—i-27zi R:esf(z)+---+2m' R:esf(z)

=27i ) Res f(z)
A=z
Example 1
. 5z-2 X
Find & dz, Ci|z|=3
¢ z(z-1)
where the integral along C is taken in the positive direction. Ay
<Sol.> & 272 4
Cz(z-1)
52-2 5222 C/|Z|=3
=2ri| Res + Res
=0 z(z—=1) =1 z(z-1)
. 5z-2 5z-2 011
=27i
(z-1)|z=0 z |z=1
=27i[2+3]
=107zi
Example 2

Let us show that

sin z Vi
@ T dz=——Ii
¢ z 3

where C:|z|=1, described in the positive directions.

<pf.> Here we used three different methods to demonstrate this problem as following :
Method I :
Using Derivatives of Analytic Functions, we know that

f(2) _27
@c (z—z,)"" dz = al S(z)

)
Then,
sinz 27wi & .
®C Z—4dz—3—!§[smz] .

i

=——(—cosz
S (-eosz) _
4

=——1I
3
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Method II :

. sinz 1 z2 z0 oz
Since = :Z—4[z—§ ST ]
1 11 z 2°
BT TIT]
sinz 1 11 z Z
R —130{7‘52 s
-1
3!
1
"6

Thus, we have
@ sinz dz =27
C

4
V4

. sinz
iRes—;
z=0 z

el

=——1i

Method III :

Since z=0 isapoleoforder3of f(z)=—
z

= Res—; =—Ilim
zZ

_Z!zﬁo

1

=—lim

2 z—0

= llim
2 20

Then, we use L'Hospital'

3

sinz

dz*
d? sinz
dz* z
[2sinz 2cosz sinz}
23 22 23

2sinz—2zcosz—z’sinz

3
z

s Rule,

|

2cosz—2cosz+2zsinz—2zsinz—z>cosz

= Res Sz _ llim
z2=0 24 2 20 323
1.. coSz
=—lim| -
2 z—0 L 3

@Cf‘ sinzdz

=2miRes sniz
z=0 z
= 27ri-[——j =-Z
6 3
Example 3
Let us show that
@ (1+zs)6sinhz dr = 7w
¢ z 60
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where C is the unit circle |z |=1 described in the positive direction.

<pf.> Method I :
Using the theorem for the derivatives of analytic functions, we know that

f(z )
Sy SOWACY

Also, from the Leibniz's F ormula :

/(- g(]”
- KZ_O(I’ij“)(x)g("“(x)

Then, we have

).

= [(1+zs)coshz+5~524 sinhz+10-20z’ coshz +10-60z> sinh z

+5-120zcoshz+1-120zsinh z ] 0
z=

=1
Hence, we have
@ (1+z°)sinhz

< dz
z
27[1 d’ s. .
s [+ 2%)simn 2]
__2mig 7
120 60
Method II :

Since
(1+z°)sinhz

6
z

1+2° 2 2 7
=— |zt
z 31 57!

-2
:(1+25)[25 +Z—+i—i+~-1
31 517!

Then, we have
Res (1+z ) sinh z

zO Z

z?2 1 z 1
—Res(1+z) z +—+—__+... :a

31507
Hence
5N @l 5N+
@ (I+z )ésmh Z 4z = 27i Res (I+z )6s1nh z
z z=0 z
=2ri A =z
5! 60
Example 4

Let us show that

@ _ZH 0
C(z—i)z+i)
where C is the circle |z |=2 described in the positive directions.

2
<SOl.> @ i 7
C(z—i)z+iQ)

165



2 2
=27i| Res—— 4 +Res—— 4
=i (z—i)(z+i) =i (z—i)(z+i)

2 +4 2 +4
=2ri - + - )

z+i |z=1 z—i |z=—1
:2;” i_{_i

2i -2i
=107i-0=0

H.W. 1 Evaluate the following integrals by using the method of residue:

- 1 N
(a) 9(2 zn:—S G +6)!dz around |Z—l| =3

(b) 4} zsin (ﬁj dz around |Z| =2

[ #3g4 p : A. David Wunsch, Complex Variable with Applications, 3" ed., Problems 5 and 7, Exercise 6.1,
Pearson Education, Inc., 2005.]

H.W.2 Use residue calculus to show thatif 7 >1 is an integer, then
27in! , n odd
1 n=ln+l),
4} z+—\|dz=< 1212/
¢ z
0, n even

where C is any simple closed contour encircling the origin.
<Hint> Use the binomial theorem.
[ %384 ¢ : A. David Wunsch, Complex Variable with Applications, 3" ed., Problem 10, Exercise 6.1,
Pearson Education, Inc., 2005.])

H.W.3 Use residues to evaluate the following integrals. Use the principal branch of multivalued functions.

! dz around C:|Z—l6|=5

@ §. [Ln(Lnz)—1]

dz . . . .
(b) gSC — around C': |Z| =a > 0 . Note that the integrand is not analytic. Consider a > |b|
Z —_—

and a < |b| . <Hint> Multiply numerator and denominator by z.

[ %34 p : A. David Wunsch, Complex Variable with Applications, 3" ed., Problems 30 and 34, Exercise
6.3, Pearson Education, Inc., 2005.)

2. Special Topics
Poles and Zeros of Meromorphic Functions
Here, we want to discuss Meromorphic functions. Before we discuss Meromorphic functions, we
must define it first.
Definition : poles of f(z)
A function f which is analytic in a
domain D, except at some points of
D, at which it has poles, is said to be D L
meromorphic in D. o
* We know that the non-analytic points °
is called singularities, it involves :
A) Essential Singularities, it

Analyti
defines that f(z) can be expansion nayte

region
as
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<p£>

kK

n

f(2)= 2 a,(z-a)"

B) Poles, it defines that f(z) can be expanded by

n

f(2)= 2 a,(z—a)"

n=-—m
A meromorphic function may have an essential singularity at z = 0.
Theorem :

Let f(z) be a meromorphic function in a simply connected domain D, in which contains a simple
closed contour C.
Suppose that f(z) has no zeros on C.
Let N be the number of zeros and P be the number of poles of the function f(z) in the interior of C,
where a multiple zero or pole is counted according to its multiplicity. Then,
1 ’
_® &dz =N-P
27i ¢ f(z2)

where the integral is taken in the positive direction.

First of all, observe that the number of zeros and poles of f(z) interior of C is finite.
Suppose that z =« is a zero of order K of f(z).
Then, we can express f(z) as
f(2)=(-a)" A2)

where A(z) isanalyticat z=a and A(z)#0.
Here, if A(z) =0, it implies that there is another zero in f(z),then z =« isa zero of order
K+1 of f(z).
Hence, we have

['@)=@E-a)" V(@) +Kiz-a) " A2)
[e)_ K 2@

f(@) z-a A2)
A1) is analytic at z = «, it means that /)

z f(z

1'(2)

4

Since

has a simple pole at z = &, which is the

only one pole that can't be reproduced and is with residue K.

Suppose that z = f isapole of order m of f(z) ,then

1
f(z)= mv(z)
where v(z) is analyticat z=f,and v(f)#0.
Since
2 _ —m 1 2
@ = O @)
we have
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[ —m V)
G 2=p )

Since v(z) is analytic, then v'(z) is analytic, too.

This implies that vz is analytic.
v(z
Since V((Z) is analytic at z = £, hence /) has a simple pole at z = £ with residue (-—m) .
v(z z

Moreover, the only pole of

S ((Z) interior to C is precisely the pole or zero of f(z).
z
If a; and p, are the zeros and poles of f(z) interiorto C,and K, and m,; are their orders,

respectively.
Then, by Cauchy's Residue Theorem, we have

§, LDt 2ni[ Lk, - Tm,]

/@
=27i(N—-P)
D S A G PRV
27i 3¢ £(2)

§6-4 The Evaluation of the Integrals of Certain Periodic Functions Taken Between the limits 0 and 27

1)
2)

3)

By complex variable analysis

FU% AR AR AT REAAPE > AN T AT SN

2z
IO F(cos®,sin0)dod F(cos@,sin@) is
i rational function of
J' F(cos8,sin0)d6 cos@ and siné

j " F(cos®,sin0)do =% j " F(cos®,sin0)do
0 -

where F(cos@,sinf) is even function of 6.

In dealing with the above problems, we can change them (variable; real variable) into complex
variable.
Hence, we consider a unit circle |z|=1 as an integral path described in the positive direction.

Thus, we have

z(@)=cosf+isinf, -rm<O<rx
1 1
= —_——
z cos@+isind
=cosf —isind
Hence,
cosd :l[z+l)
2 z
sin & :i[z—lj
2i z
and
iz=ic"dg=izd0 =  do="2
iz
Similarly,

z* = (cos@ +isin B)*

=c0s260 +isin 20

Lz =c0s 260 —isin 26
z
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hence we have
cos26 = %(zz +L2J

z

sin26 = L(zz —izj
2i z

Using the same method, we obtain

z® =cos36 +isin 30 and LS =co0s 30 —isin 36
z
a(7+7)
cos3f =— Z+—

sin20 = — [ 3 —L}J
z

PUE LA M) P2 R R A 1),2) 2 )R TT @ H B R EA AN

that 1s

N

2. Some Examples
Example 1
Let us show that
2
[7 2 s
o a+bsinf at—b?

<pf.> Let C:z(@)=cos@+ising , -1<0<rx
Then, we have

= sinﬁ:i(z—l) and d0 =%
2i z iz
Hence, the integral becomes
J»Zzz da
o a+bsinf
dz
:@ =
C
a+b-l(z—1j
2i z
=® — 2 - dz
€bz" +2aiz—b
:® 2dZ
¢ —a+~Na*-b* —a—-+a*-b* .
b| z— i|lz— i
b b
=27i Res 2
_mha® b V;’-b b[z_—a+\/a2—b2 i](z_—a—\/az—bz i]
b

b

2 1
=27ri(—j
b Z_—a+\/a2—b2 B a+\la2_b2
7[) - Y -

b
L S
b 2Ja*-b ;
b
2

Va* - b*
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& Similar integral

it 46 2z
=I — = , k>1
0 k+sind 32 _
Example 2
Find
I_J‘2” cos26d6
0 5-4sind
<Sol.>

With the substitutions
00526’=l z* +L2 , sin2¢9=i z? —Lz , d«5’=é
2 z 2i z iz
we have

224z

B T (d) (z4+1)dz (%j
- gg\z\ﬂ 5_%(Z+Z—1 ) ( iz j B 4’\2\:1 2iz (2iz? +52-2i) iz

There is a second-order pole at z=0. Solving 2iz* +5z—2i =0, we find simple poles at z=i/2 and

z=2i.Thepole at z=2i is outside the circle |z| =1 and can be ignored.
Thus, we have
4
z'+1)dz
I:Zm'ZRes 2( 5 ) ,at z=0 and z=i/2
2iz* (2iz” + 52 - 2i

From previous sections, we find the residue at z=0,

1 d (Z4+l) __51'

2idz (21’22 +52—2i) 8
z=0
and the residue at z=1i/2,

i 4
—| +1
|G

N2 d . . 24
N “ 2 _
(21)(2j e (212 +5z 21)
z=i/2

Thus, we obtain
27 c0s20d6 (=5, 17 . Vil
I=I ——=27i| —i+—1I
0 5-4sin@ 8 24

Example 3
Let us show that
2 cos : 27[
I e -cos(smt?—n&)dgz—' , a<|b|
0 nl
where n=0,1, 2, 3, --.
<pf.>  Consider the integral

2z
J % .[cos(sin 6 — n6) +isin(sin @ — n6)] d6
0

ecos@ . el(sm&—n&)de

ecos¢9+isin9 . (eiﬁ)—n do  —————_ (1)

2 L. .
=J. ecosﬁ.ezsmﬂ.emﬁdg
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Let C:z(8)=cos@+isind= ¢'?  where
Then, equation (1) becomes

_, dz
- éé &z n'_T_
C iz

Z

z
—27ri~(—i)-i-e2
B n! z=0
2
=

Since Im =Im, Re=Re, we have
2z

- j ¢ . cos(sin 6 — n6)do
0

:Re[z_ﬂ}:zf
nl n!

and

2z

27
J- e’ .cos(sin@ —n6)dd = Im{—'}
0

0

n:

Example 4
Show that

27 deo 2z
jo 1-2acos@+a’> 1-a°
where |a|<1.
<pf.> Let C:z=cosf+isinf , 0<O<2r

>

= cos9=l(z+lj
2

z
d&zﬁ
iz
J-er dg
= - -
o 1-2acosf+a*
~§ ! az
C1—2a~1(z+1j+a2 iz
2 z
=® idz
Caz’ —a’z-z+a

=® idz
C(z—a)(az-1)
1

=2ri-i-Re§—M ——
z=a (z—a)(az—1)
-1
=2r-
a’-1
2z
1-a°

H.W. 1 Using residues, establish the following identities:

37/2
(a) J' ﬂdgzz_ﬁ P . for
-z/2a+bcosd b a—p?
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27 m!

2m (m ' 2’
2)'
when m is odd.

[ #3g4% p : A. David Wunsch, Complex Variable with Applications, 3" ed., Problems 4 and 6, Exercise 6.4,
Pearson Education, Inc., 2005.])

2
(b) J. cos” 0dO = for m>0 even. Show that the preceding integral is zero
0

H.W. 2 Using residues, establish the following identities:

2
@ J-ﬂ do = 2ra 5, for a>b>0
0 (a+bsinf) (\/ﬁ)
2
(b)j dez - 2z , for a>0
0 a+sin®@ Ja(a+1)
2
© 7 cos@df  2rx , for a real, |a|>1

0 1-2acos@+a> a(a2 -1)

27 _ —na
(d) j cosnfdo = 2”(. De , n>0 is an integer, a >0
0 cosha+cosé sinha

2 do 27
e =—, for a, b real, ab>0
© 0 a*sin>O+b*cos’O+a> ab

[ #3883 p : A. David Wunsch, Complex Variable with Applications, 3" ed., Problems 7-9 and 11-12,
Exercise 6.4, Pearson Education, Inc., 2005.)

§6-5 The Evaluation of Certain Types of Integrals Taken Between The Limits —co and oo

& Improper integrals
1. The improper integral is an integral in which one or both limits are infinite, that is expressions of the
form

Ikwf (x)dx, j_kw f(x)dx, j_‘: [(x)dx,

where f(x) is a real function of x, and £ is a real constant.

2. The improper integral
[ s
can be defined as following form:

[7 feode=1im [* f(x)dx+ lim

t,—wd 0

b

f(x)dx

and we let
= I 1 F(x)dx
1, = l}irgoj[? S (x)dx
1, = lim jo F(x)dx
If both of <[1 and 7, exist,

= on f(x)dx is convergent.

***  In advanced calculus, we know that:
if the function f(x) is continuous in [a, ),

1) limxf(x)=A4#0
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= I f(x)dx is divergent.
2) limx"f(x)=4
where 4 is finiteand P >1,

= I f(x)dx is convergent.

***  In the above two cases, a can be equal to —o, too.

Example 1
* 1 . R . - - .

(a) I 5 dx = lim 5 dx = lim (tan 'R—tan™ 1) Iz exists; however,
I 1+x Roodl 14 x R 2 4

(b) J'w L_dv=lim (InR-In1) fails to exist, as does
1 14+ x R—o

(©) J cosxdx = lim sinR .
0 R—0

In case (b), as x increases, the curve y =1/x does not fall to zero fast enough for the area under the curve

to approach a finite limit.
In case (c), a sketch of y =cosx shows that, along the positive x-axis, the total area under this curve has

not meaning.

3.1) Ifthe integral
jw f(x)dx is convergent,
then we can define that
®© . R
2) If the integral
J‘_oo f(x)dx is divergent, and
lim " f(x)dr  exist
RI—IB;};J.—R f(x)dx  exists,
then Ileim I i f(x)dx 1is called the Cauchy's Principal Value of the integral
| " (x)dx
and is denoted by
P.V. I " f(x)dx

4. If
1) the function f'(x) is rational and is expressed in terms of the following form:
fxy =22 A
q(x)

where ¢g(x)# 0, for all real x.
2) the degree of g(x) > the degree of [p(x)+2]
3) and z;, j=12,3,---,k arepolesof f(z) inthe

half plane.
Then, we can obtain that

Iw F(x)dx = 27i 2 Res f(z)

A=z

<p£>
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Let Cy denote the upper half of the circle and

|z[=R
described in the positive direction, and take R sufficiently large so that all the poles z; of f(z) lie in
its interior. Hence, let C =[-R,R]+C,. This implies that C is a simple closed curve. And C
encloses all poles of f(z) in the upper half plane.
By Cauchy's Residue Theorem, we then have

§ ./ (2)dz=2xi- Z Res /(z)

- I _R F(x)dx +I f(2)dz =27i 2 Res £ (2)

J

*#%  When we integrate in the interval of [-R,R] , y-component is zero, this means that
z=x+i0
= dz=dx
Hence, we have
R R
[ rwa=[" 1
-R -R
Here, we want to prove that

1) Lf(z)dz—)O,when R — o, and

R ©
2) J' f(2)dz = j F(x)dx, when R —> .
-R —0
First, suppose that

_r)
f@="

m
_a,z" +a, ,z

m—1

+taz+a,

b,z" +b, 2"+ +bz+b,

where n>2m+2,and b, #0.

" + 1+ + ! + !
Zo| Gy Ty At ay
" g z"! z"

=  f@)= 1 I 0
z”{bﬂ +b, - —+-+Dh ~+b0}

z z n—1 n
But, we know that

am+am_]~l+---+alﬁ+a0% a
IZ Zl Zl - b’" , Wwhen |z| >
bn+bn—1.7+'“+bl.ﬁ+b07n n
z z z
Therefore, when |z |=|R|— o, we obtain
R" |a,,
| f()| — & |, (1)

And, the ML inequality tells us that
| j f(2)dz| < MY
¢

= | f(z)|£M where ¢ is the arc length.
Thus, equation (1) still satisfies following form:

1
z)| < -M
| f(2)] R
Hence
1 Mr
.[CR f@yde|\ <o M 7R =2

Since, n>m+2,then
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n-m-12>1
Thus, when R — o, we know that

j e

This means that

—0

f(z2)dz—> 0,when R—
Cr

Hence, when R — o, the following equation

'[: F0)dx + J' (2 = 27i O Res f(2)

j=1 z=z;

becomes

J.: F(x)dx+0=27i ) Res f(z)

j=1 z=z;

That is,

J' RR S ()dx =27 2 Res £(2)

5. Some Examples

Example 1

Evaluate the integral
2

© X
S —
J.o (x> +1)2

2

<Sol.> Since f (x):% is an even function
(x"+D
0 2 ®© 2
S [ RN [
o (x"+1) 2 (x7+1)
1 . 22
=—-2riRes———
2 z=i (z"+1)
ld 22
dz (z+i)2 z=1i
i (z+0)*-2z=2%-2(z+i)
(z+i)* z=i
{3)
=mi-| —
4
T
4
Example 2
Show that
© 2
f #dxzé,,
o (x"+D(x" +4) 6
* x*+3
<pf> I —
= (X7 +1)(x* +4)
2 2
=2ri| Res— z +3 +Res— z +2
=i (z"+1)(z"+4) z=2i(z"+1)(z" +4)
g 2243 2243
(1) +4)|z=i (P +1)(7+4)|z2=2i
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Example 3

Evaluate

<Sol.>

1)

2)

3)

4)

J

* 1

= x* 1

Since
=

=

where

when k=

dx

zY4+1=0

4

z' ==1l=cosx+isinrx
T+ 2k

7T+ 2k

Z =CO0S

k=0,1,2,3.
Thus, we can obtain that

0,

T .. T
= Z=CO0S— +1SIn—
4 4

=e

3
iZ
4

when k=1,=

when k=2,=

when k=3,=

Here, only both of z = et and z=e

where

f(2)=

1
1+

>

3z .. 3m
Z=CO0S— +isin—
4 4

S .. 5w
Z =C0S— +isin—
4 4

4
z

Hence, we obtain that

o 1
dx
J.,Qc 1+x*
. 1 1
=27i| Res—/——+ Res —;
g+l 4l
1 1
= 27[1 3 x + -3 3z
4z z=et 4z z=e +
i
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4" are the poles of f(z) in the upper half plane,



p(2)

** If z=2z, isasimple pole of f(z)=

q(2)
=  Resf(z)= p,(—zo)

=2 q9'(zy)

Example 4
2
Find f dx using residues.
o x +1

<Sol.>
We first consider 4} %/ (24 + l)dz taken around the closed contour C consisting of the line segment

c

=0,—R < x <R, and the semicircle |z| =R, 0<arg(z)<7z.Letustake R>1,which means that C

encloses all the poles of z%/ (24 + 1) in the upper half-plane (abbreviated u.h.p.). Hence,

2

dz=2mi ) Res
§>C 2+l z {

2 .
© X 2T _ig14 | —i3x/4 T
= J- dc=—/]|¢e +e =—
—o x* 41 + [ J V2

& Because x? /(x4 +1) is an even function, we have, as a bonus,

i
} at all poles in u.h.p.
‘11

Example 5
2
Find 4x—dx .
—o x4+ x7+1
<Sol.>

Using the above-mentioned theorem, we have
2

w 2
X z
——————dx=2xi ) Res| ————| atall poles in u.h.p.
j—oox4+x2+1 Z (z +22+J P P

Using the quadratic formula, we can solve Y422 +1=0 for z* and obtain

-1+id3 »

ZZ — \/7 261271'/3’ e i27/3
2

Taking square roots yields

Z=em/3’ e—zZzz/3’ e—m’/S’ ezZ/r/3

ir/3

Thus z?/(z* +2z*+1) has simple poles in the u.h.p at e and ¢"'3. Evaluating the residues at these

two poles in the usual way, we find that the value of the given integral is
2

2
© X z T
—————dx=27i E Res| ——— | inuhp. —=
J‘—°0x4+x2+1 [Z +z2+lJ P \/g

H.W.1  Evaluate the following integrals by means of residue calculus. Use the Cauchy principal value.

(a) J- HX—JFXH dx, a, b real, b>0

dx (b)j

w(x+a) +b°

<Ans> (a) 7v2,(b) 7/b
[ #3g4 p : A. David Wunsch, Complex Variable with Applications, 3" ed., Problems 22 and 24, Exercise
6.5, Pearson Education, Inc., 2005.)

H.W.2  Consider

® X +x
I—oo (x? +1)(x* +4) o
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Does the above-mentioned theorem apply directly to this integral? Evaluate this integral by evaluating
the sum of the two Cauchy principal values.
<Ans.> 7/3
[ #3883 p : A. David Wunsch, Complex Variable with Applications, 3" ed., Problem 26, Exercise 6.5,
Pearson Education, Inc., 2005.)

H.W.3 (a) When «a and b are positive, prove that
ro dx o 1
o (x> +a*) (x> +b*) 2 (b+a)ab
(b) Verify the answer to (a) by performing the integration with Symbolic Math Toolbox in MATLAB.
Consider both possible cases.
[ #3883 p : A. David Wunsch, Complex Variable with Applications, 3" ed., Problem 27, Exercise 6.5,
Pearson Education, Inc., 2005.]

,forboth a#b and a=5>b.

H.W.4  Show that for a, b, c real, and b* < 4ac , the following hold.

(@) J‘“" dx 2z
-0 ax? +bx+c \/4ac—b2

o (2 2 = 3
(ax“ +bx+c) [ /4ac—b2}

Obtain the result in (b) using residues, but check the answer by differentiating both sides of the
equation in (a) with respect to c. You may differentiate under the integral sign.
[ %384 p : A. David Wunsch, Complex Variable with Applications, 3" ed., Problems 28 and 29, Exercise
6.5, Pearson Education, Inc., 2005.)

b J'_“’ dx 4ra

dx
1
100

H.W.5  Find j <Ans> (7/100)/sin(z/100)

+1
[ %384 ¢ : A. David Wunsch, Complex Variable with Applications, 3" ed., Problem 30, Exercise 6.5,
Pearson Education, Inc., 2005.]

HW6 Find [ ——— dxz
o X" +x"+x +x+1
<Ans.> (7/100)/sin(z/100)
[ #3g4 p : A. David Wunsch, Complex Variable with Applications, 3" ed., Problem 31, Exercise 6.5,
Pearson Education, Inc., 2005.])

<Hint> See H.W. 6, in page 162, Sec. 6.2.

H.W.7 (a) Explain why j by /(x4 +1)dx cannot be evaluated through the use of a closed semicircular in the
0

upper or lower half-plane.
(b) Consider the quarter-circle contour shown in the following figure is the arc of radius R >1. Show

that
R x 0y z z .
dx —j dy + I dz =27i Res[ } at all poles in first quadrant
j0 xt+1 Ry4+1 ¢zt +1 Z Zt+1
(c) Let R — o and show that J x/(x*+Ddx=7/4. AY
0 .
[ #3g4 p : A. David Wunsch, Complex Variable with Applications, Ciarc of radius R
3" ed., Problem 36, Exercise 6.5, Pearson Education, Inc., 2005.)
A 4
H.W.8 Show that
oy b
d_x = N )
j0 X" +1 nsin[z(m+1)/n] - R *

where n and m are nonnegative integers and n—m>2.
<Hint> Use the method employed in H.W. 7 above, but change to the contour of integration shown in below.
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[ #3834 p : A. David Wunsch, Complex Variable with Applications, 3" ed., Problem 38, Exercise 6.5,

Pearson Education, Inc., 2005.] Ay

Cj-arc of radius R

H.W.9 (a) Show that
1/1

© Uy T
J‘ T du=—
0 u*+1 ksin[z(1+1)/(Ik)]

where k and [ areintegers, />0, which satisfy /(k—/)>2.Take u'"’ asnonnegative real

function in the interval of integration.
<Hint> First work H.W.8 above. Then, in the present problem, make the change of variable

x=u"" and use the result of H.W. 8.
(b) what is j WS + 1) du ?
0

[ #3284 ¢ : A. David Wunsch, Complex Variable with Applications, 3" ed., Problem 39, Exercise 6.5,
Pearson Education, Inc., 2005.]

§6-6 Improper Integrals From Fourier Analysis

1.  Basic concept
Residue theory can be useful in evaluating convergent improper integrals of the form

j f(x)sinaxdx , J. f(x)cosaxdx , or j f(x)e“dx  (A)
where a denotes a positive constant and f(x) is a rational function of x.
Assume that f(x) = p(x)/q(x),where p(x) and ¢(x) are polynomials with real coefficients and
no factors in common. Also, ¢(z) has no real zeros. Integrals of type (A) occur in the theory and

application of the Fourier integral.
The method described in previous section cannot be applied directly here since

. 2. .
|sm az| =sin’ ax +sinh? ay
and
2 .
|cos az| = cos? ax + sinh? ay

More precisely, since

ay ay

_e_

2
the moduli |sin az| and |cos az| increase like e® as y tends to infinity. The modification

sinhay = ¢

illustrated in the example below is suggested by the fact that

R R R ‘
j f(x)cosaxdx + iI f(x)sin axdx = I f(x)e“dx
-R -R -R
together with the fact that the modulus

&% = ay

=e

eia(x+iy) ‘ _ ‘e—ayeiax

is bounded in the upper half plane y>0.

Example 1
To give some insight into the method discussed in this section, we try to evaluate

+90
J‘ cos(32x) dx
o (x—-1)"+1
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using the technique of the preceding section.
<Sol.>
From the preceding section, we have

+R
J‘ cos 32x - J‘ _cos3zdz z Res| 99832 3z in wh.p.
-R (x-1)"+1 G (z— l) +1 (z—- 1)
As before, C| is an arc of radius R in the upper half-plane. Although the preceding equation is valid for

sufficiently large R, it is of no use to us. We would like to show that as R — oo, the integral over C, goes

to zero. However,

3iz +e—3lz el3x—3y +e—z3x+3y
2

cos3z = =
2
As R — o, the y-coordinate of points on C; become infinite and the term e 33 whose magnitude is

>, becomes unbounded. The integral over C; thus does not vanish with increasing R.
The correct approach in solving the given problem is to begin by finding

+o0 ei3x
[
—o (x—1)"+1
Its value can be determined if we use the technique of the previous section, that is, we integrate

+o0 i3z
e
—o (z=1)"+1

around the contour of the figure shown below and obtain

+R e31x e3iz e3iz
I —2dx+J. —de = ZﬂiZRGS — a2 in uhp (1)
R (x—1)%+1 G (z-1)>%+1 (z-1)2+1

Closed AY
contour C C:lz|=R
1 - [ ]
> I > X
-R 0 1 R

Assuming we can argue that the integral over arc C, vanishes as R —> oo (the troublesome e ** no
longer appears), we have, in this limit,

+o0 3ix 3iz
I e—zdx:27riZRes e—2 in w.h.p.
o (x—=1)"+1 (z=1)"+1

Putting e”* =cos3x+isin3x and rewriting the integral on the left as two separate expressions, we have

- oo . 3iz
J- cos 32x i J' sin 32x I ﬂ'ize—z in wh.p.
— (x=1)2 +1 -0 (z=1)" +1 (=17 +1

When we equate corresponding parts (reals and imaginaries) in this equation, the values of two real
integrals are obtained:

- 3iz
J‘ %}c —Re zmz Res e—z at all poles in u.h.p. (2)
-0 (x=1)"+1 (z-D)7+1
3iz

+0 1
J‘ %}c —Im zmz Res e—2 at all poles in u.h.p. 3)
o (x—=1)"+1 (z-D1)7+1

Equation (2) contains the result being sought, while the integral in Eq. (3) has been evaluated as a bonus.
Solving the equation (z—1)* =—1 and finding that z =1+, we see that on the right sides of Egs. (2) and
(3), we must evaluate a residue at the simple pole z=1+i.From the previous section, we obtain

3iz 3iz
2r7iRes 6—2 1+i|=27i lim ¢
(z=1D)"+1 zo(1+) 2(z —1)

=ge 3t = g7 [cos3+isin3]
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Using the result in Egs. (2) and (3), we have, finally,

v = e > cos3 and

+©°  g§in3x

' = e~ sin 3

J‘ +©  cos3x

o (x=1)? +1 0 (x=1)% +1

2. Theorem
Let f(z) have the following property in the half-plane Imz >0 . There exist constants, k>0, R,

and u such that

|£(2) < £ for all |2]> R,
z

Then if C}, is the semicircular arc Re’p, 0<@<rz,and R>R,,we have

lim | f(z)e™dz=0 when v>0 4)
C,

R—w0d
When v <0, there is a corresponding theorem that applies in the lower half-plane.

Notice that when the factor e is not present, we require k > 1, whereas the validity of Eq. (4)
requires the less-restrictive condition & >0 .
To prove Eq. (4), we rewrite the integral on the left, which we call /, in terms of polar coordinates;

taking z=Re", dz=Reid@ , we have
I= I f(2) e dz = I " f(Re)" iRe a6 (5)
G 0

Recall now the inequality

b b
[ s(0n0< | |s@ao
Applying this to Eq. (5) and resulting that ‘ei‘g‘ =1, we have
1| <R I ‘ f(Re"“’)‘ &t lae (6)
0
We see that
eivRe“g — eivR(cosHﬂ'sinH)‘ — ‘e—vRsiné7 eichosH
Now
ivR cos @

=1

and since e *5"? 5 (0 we find that

eivR i —VRsin @

Rewriting Eq. (6) with the aid of the previous equation, we have
V4 . .
|I|SRI ‘f(Relg)‘e—vRsmgdg
0

With the assumption | f (z)| = ‘ f (Reig)‘ < ,u/Rk , it should be clear that

Vi . b4 .
|]| < RI ike—vRsdeg _ i{l J‘ e—vRsdee (7)
0 R R 0

Since sin@ is symmetric about & =7/2 (see the

figure shown below), we can perform the integration A 0
on the right in Eq. (7) from O to 7 /2 and the double Sin
the result. 20
Hence T
Zlu /2 —VRsin@ "
|I|SR]"1 . e "Yde ®)
The above figure also shows that over the interval ;2 > X
T T

0<0<xm/2,wehave

/2 _ ” iy “
,tklil J‘O o vRO2/ dH:—’uk[l—e R:|

|7]<
R vR

181



4.

5.

With R — oo, the right-hand side of his equation becomes zero, which implies / — 0 in the same
limit. Thus

lim f(z) ez =0

R—o0

Jordan’s Lemma

lim J- @e’”dz =0 if v>0, degree Q—degree P>1 (9)
R>wd ¢ O(2)

Improper Integrals From Fourier Analysis
Evaluation for I e P(2)/ O(2)dz :
All zeros of Q(z) inu.h.p. are assumed enclosed by the contour, and we also assume Q(x)#0 for
all real values of x. Therefore,
+00 . . .
I Lx)ew"dx + I @e’”dz = 27[1‘2 Res {@ el”} at all poles in w.h.p. (10)
- Q(x) G 0(2) 0(2)

Now, provided the degrees of Q and P are as described in Eq. (9), we put R — o0 in Eq. (10) and
discard the integral over C) in this equation by invoking Jordan’s lemma. We obtain the following:

+00 . .

I PO g 21y Res{—P (2) e} a1
- Q(x) 0(z)

The derivation of Eq. (11) requires that v>0, O(x)#0 for —o<x <o, and the degree of Q

exceed the degree of P by at least 1.

We now apply Euler’s identity on the left in eq. (11) and obtain

J.j: (cosvx +isin vx)%dx = 27riz Res{eivz izﬂ inwh.p.

We can then equate corresponding parts (reals and imaginaries) on each side of the preceding equation
with the result that

J‘Mcosvxﬁdx Re{ZmZRe{P(z) ’Vzﬂ inwhp.  (12a)

oz

0(2)
+00
I sinvxe L — Im ZmZ Res{ P) ’”} inuwhp.  (12b)
o 0(x) 0(z)
where degree O —degree P> 1, Q(x)#0 for —o<x<o,and v>0.
If
1) function f'is rational, and is in the following form as
x

Fy= 2
q(x)

where ¢g(x)#0 , for all real x.
2) the degree of ¢(x) > the degree of [p(x)+1]
3) z,, j=1,2,3,---,k arethepoles of f(z)e™ located in the upper half plane
4) and m>0,

then we obtain that

j f(x)e™dx =2ri ZRes f(2)e™

j=1 z=2;

Some Examples

Example 2
Evaluate

* COS X
J: 2 2 X
o (x7+4)(x"+9)
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<Sol.>
oAk Because the function f'can be given by

_ 1 _r@@)
J2)= 2 +4) (2 +9)  q(2)

which satisfies the conditions mentioned above.

Thus, in the upper half plane the poles of f(z)e
g2) =+ (=" +9)=0

namely z=2i and z=3i.Taking m=1, we can obtain

imz

are given by

jw . COS)C2 dx
o (xF +4)(x% +9)

=Re<{27xi| Res > ¢ > +Res 5 ¢ 5
| 2=2i (27 +4)(z7+9) =30 (27 +4) (27 +9)

-

elZ

I BT EE—
z=2i (z°+4)(z+3i)

elZ

| (z+2i)(z* +9)

_e_z e
=Re<27i| ————
_201' 30i

= Re{Zm’

Example 3
Evaluate

J'30 _ Sin x2 dx
o (x7 +4) (x> +9)

<Sol.> r SN L S—
o (2% +4)(x7 +9)

iz

=Im<27i| Res—; ¢ 5 +Res—; ¢ 5
=2 (27 4+4)(z°+9) =30 (27 +4)(z”+9)

=0
Also, we can solve the problem in the following way:
Since
sin x
Sx) =

(x> +4)(x* +9)
is an odd function, then

J’w i smx2 D=0
- (x"+4)(x" +9)

Example 4
Evaluate

© xsin x

j 2 2 X
o (x"+D(x"+4)
xsin x

(x* +D(x* +4)
is an even function, we can

<Sol.> Since f(x) =
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I“’ xsinx :_j xsmx
o (x*+1)(x*+4) o (x +1)(x? +4)

=llm{27z{Res ¢ +Res—; ze”z }}
2 =i (Z* +1)(z +4) et (z-+1)(z" +4)

m ze'”
(z +D(+4)|z z=2i
fee]
6 6
_z(l_ij
C6le €

iz

ze
. + 2 2
=i (z2+D(z"+4)

Example 5
Evaluate
o0yl +0 X COS X +0 x sin wx
J. 4 j —7 —dx,and 2 dx for @>0.
o x"+1 - x +1 - X" +1
<Sol.>

Using Egs.(11) and (12) for the evaluations, we see all involve our finding

in the upper half-plane

z iwz z
e at the poles of
1 } z* 41

ZEiZRes{ 7
"+

The poles of f(z)=z/(z* +1)in u.h.p are +L+z ! Thus, we have

22
So+)/N2 ei{u(—l+i)/\/§:|

; i
271 Y Res e“” | inuhp.= +
Z {z +1 } P-= 2 [ i —i
= 27i Y Res
z [z +1

Applying Egs.(11) and (12) to this last result, we evaluate three integrals:
oo iwx
'[ X gx=ige @2 sin(@/~/2)

4

”} inwh.p. = ize "2 sin(w/~2)

-0 x +1
+o0
J. de = Re[ine‘”/ﬁ sin(a)/\/f)} =0
o X +1
+00 1
j %wlx)dx = Im[iﬂeﬂ”/ﬁ sin(a)/\/i)} = ﬁeiW/\/E sin(a)/\/i)
o x4+

6. Jordan's Inequality
The cos@ is a strictly decreasing function for 0 <6 < 7/2.

Therefore, the mean (or average) coordinate of the graph y =cosx over therange 0<x <6 also

decreasing steadily.
This means that the coordinate is given by

1¢°¢ sin @
—I cosxdx =
fdJo
Hence, for 0< 6 < 7/2, we have
ES sin @ <1
T o

Thus, we have

20 6o <0, where 0393% (A)
T

and
[femintao <=, for m>0
0 m
which is known as Jordan's Inequality.
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Observe that
T
J»ir e—msingdez‘[ 2 e—msin9d9+IZ e—msingdg
0 0 -z
2

where m is a real number.
Let 6 =7 —¢, substitute it into the last integral above.

We can obtain that
j: e—msingde — _J-j efmsin(ir—q)ﬁ)dg
2 2

i
:J. 2 e—msmédg
0

Thus, we have
J.” e‘mSi“9d9=ZIE e—msinede
0 0

From Eq. (a), if m>0
eSO < gm0/ hen 0<6 < 7)2

and so

Vs v
'[ Ee—msingdeg J‘ Ee—2m9/7td0:i(l_e—m)
0 0 2m
Hence,

z .

'[ 2emsinlyg< T 50 (B)

0 2m

Combining Egs.(A) and (B) yields

V3 _ . 72'
J' 000 < for m>0
0 m

H.W.1 Evaluate the following integrals by residue calculus. Use Cauchy principal values and take advantage
of even and odd symmetries where appropriate.
ix/3

(x*+x )cos(fx)
® -[—00 ®) J‘00(16—1) +4dx
© © (x°+x° +x)s1n(x/2)d (d) © cosx
- (X2 +1)(x*+4) 0 ( +4)?

[ *AE4E p © A. David Wunsch, Complex Variable with Applications, 3" ed., Problems 7, 8, 12, and 13,
Exercise 6.6, Pearson Education, Inc., 2005.])

H.W.2  Show that

® sin mx sin nx T —ma . o
j dx=—e¢ ™ sinhna,for m>n>0.Assume a is positive.

0 x’+d® 2a
<Hint> Express sinmxsinnx asasum involving cos(m+n)x and cos(m—n)x.
[ #3284 p : A. David Wunsch, Complex Variable with Applications, 3" ed., Problem 14, Exercise 6.6,
Pearson Education, Inc., 2005.]

H.W.3  The following is an extension of the work used in deriving Eq.(11) and deals with integrands having
removable singularities. In parts (b) and (¢), take m, n>0.
imz __inz
(a) Show that € "¢ hasaremovable singularity at z=0.
z

(b) Use the above to prove that J- wdx =0.
x

sin mx —sin nx

(c) Show that I dx = lz[e_”“ - e_'”"] , where a>0.

x(x* +a?) a
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cos’(rx/2)

T _
d) Sho thatj dr=-"(1+e7).
(d) Show — L1+e7)

inz

1
<Hint> Study —°

74—
[ #3284 p : A. David Wunsch, Complex Variable with Applications, 3" ed., Problem 14, Exercise 6.6,
Pearson Education, Inc., 2005.]

, noting the removable singularities.

H.W.4  To establish the well-known result

ro Smx dx = K2
0 x 2
we proceed as follows:
(a) Show that
e -1
f(2)=

Has a removable singularity at z=0.How should f(0) be defined to remove the singularity?
(b) Using the contour shown below, prove that

Closed ALY
contour C C:lz|=R
i+ °
= I > X
-R 0 1 R
R X _ iz _
je 1dx+I ¢ =10
-R X ¢ z
and also
R _ R iz
[} LLE SN O
-R X R X C z C z

(c) Evaluate the first integral on the above right by using the polar representation of C;: z = Re",
0< 0 <7 .Passtothelimit R— oo and explain why the second integral on the right goes to zero.

Thus prove that
® -1
j cosx—1, 4
—0 X
and
J‘ sinx
-0 X
and finally that
j sin x ——dx= Closed AY
, 0. * 2 ) ) contour C Clz|=R
[ #3g4 p : A. David Wunsch, Complex Variable with
Applications, 3 ed., Problem 24, Exercise 6.6, Pearson
Education, Inc., 2005.] L.
H.W.5  Consider the problem of evaluating > | > X
ix -R 0 1 R

I J’ COSX 1 Re J‘ A
» cosh x - cosh x
If we try to evaluate the preceding integral by employing the contour shown above and the methods

leading to Eq. (12) we get into difficult because the function e”/coshz has an infinite number of
poles in the upper half-plane, i.e., at z=i(nz+7/2), n=0, 1, 2, ..., which are the zeros of coshz.
Thus the Theorem in Point 2, in page 182 is inapplicable. However, we can determine I with the aid of
the contour C shown below.

(a) Using residues show that
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iz

@ ¢  dz=2re?
c

coshz
Closed AY
contour C Cut
4
s
Cvvy /2 r A Cu
> > X

-R ¢ 0 R

(b) Using the appropriate values of z integrals along the top and bottom portions of the rectangle
show that

R ix R i(x+im) iz iz
e e e _
I dx+j +dx+j dz+J‘ dz=2me™™"?
-Rcosh x -R cosh(x +irx) C, coshz ¢, coshz

(c) Combine the first two integrals on the left in the preceding equation to show that

(29 1z 1z

dx(1+ e‘”)+j dz=27e™?

Z

-[ -Rrcosh x C, coshz v[ ¢, cosh z

(d) Let R — o in the preceding. Using the ML inequality argue that the integrals along Cj; and Ciy
are zero in this limit.

<Hint> Recall that |cosh z| = |/sinh? x +cos” y (see chapter 3).

Thus on Cy; and Cy we have

e” 1
<

coshz| sinhR

Prove finally that

J’°° cosx 27e™™? z
dx = =
~o cosh x 1+e* cosh(z/2)
and explain why
J'°° cosx . _ V4
0 coshx 2cosh(z/2)

[ %384 ¢ : A. David Wunsch, Complex Variable with Applications, 3" ed., Problem 26, Exercise 6.6,
Pearson Education, Inc., 2005.]

H.W.6  Using a technique similar to that employed in H.W.5 prove the following:

* coshx Vg
(a) dx =
0 coshax acos(r/2a)
<Hint> Use a rectangle like that in the above figure but having height 7 /a . Take coshz/coshaz as the

integrand, and prove that the integrations along segments Cy; and Cpy each go to zeroas R — .

e’ Vs

(b) dx =— for a>1
—o]+e™ asin(r/a)
<Hint> Use a rectangle like that in the above figure but having height 27 /a .
[ #3883 p : A. David Wunsch, Complex Variable with Applications, 3" ed., Problems 27 and 28, Exercise

6.6, Pearson Education, Inc., 2005.)

for a>1

H.W.7  The result

© 22 NY/4
J. e dx=—, a>0
—0 a

is derived in many standard texts on real calculus. Use this identity to show that

© 2.2 Y/ Y 2
J. e cosbxdx = —— P /4m7)
—0 m

where b is a real number and m >0.
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<Hint> Assume b>0.Integrate e ™

around a contour similar to that in the above figure. Take
b/(2m*) as the height of the rectangle. Argue that the integrals along Cy; and Cyy vanish as
R — o .Why does your result apply to the case H<0?

[ ﬂ\i{a‘ﬁ B : A. David Wunsch, Complex Variable with Applications, 3 ed., Problem 29, Exercise 6.6,

Pearson Education, Inc., 2005.)

§6-7 Integrals Involving Indented Contour

1.  Theorem
Suppose that
(1) afunction f(z) has asimple pole at a point z=1x, on
the real axis, with a Laurent series representation in a
punctured disk 0 < |z - x0| <R, (see Fig.A) and with

\ 4
=

residue Bj;
(2) C, denotes the upper half of a circle |z - x0| = p , where

p <R, and the clockwise direction is taken.
Then

lim J'Cp f(2)dz=—Byzi (1)

<pf.>
Assuming that the conditions (1) and (2) are satisfied, we start the proof of the theorem by writing the
Laurent series in part (1) as

f(z2)=g(2)+ By for O<|z—x0|<R2
z-X,

where

g(z):Zan(z—xo)”, (|z—x0|<R2)

n=0

Thus

j f(2)dz = J' g(2)dz + BOJ' & )

<, c, C, Zz— X,

Now the function g(z) is continuous when |z - x0| <R, , according to the convergence theorem of
power series. Hence if we choose a number p, suchthat p<p, <R, (see Fig.A), it must be bounded
on the closed disc |z - x0| < py » according to the section of discussing continuity. That is, there is a
nonnegative constant M such that

|g(z)| <M where |z—x0| <po;
and, since the length L of the path C, is L =7p, it follows that

I 9(2)dz| < ML = Map
<
Consequently,
lim| g(z)dz=0 3)
p—0 C,
Inasmuch as the semicircle— —C, has parametric representation

z=x,+pe’  (0<0<7)
the second integral on the right in Eq. (2) has the value

[ . L [ L og- —J'O” ﬁpiewdﬁ - —z"[: d0=—ir

Z =X C, Z— X,

Thus
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dz =—7i 4

Limit (1) now follows by letting o tend to zero on each side of equation (2) and referring to limits (3) and

4.

& Concept review
1) Letthe function f(z) possesses a simple pole at the point z,, and let C be a circle of radius 7

centered at z;.

2) Suppose c_; istheresidue of f(z) at z,.

3) Assuming that f(z) has no other singularities on and inside C,
we know that

Sf}c f(2)z = 27ic_, = 27iRes f(2) (1)

2. Theorem
Let the function f(z) have a simple pole at the

point z;,.An arc C, of radius r is constructed
using z, as its center. The arc subtends an angle

a at z, (see Fig. B). Then

112% . f(2)dz :2m’[%Res[ f(z),zo]} (2)

where the integration is done in the
counterclockwise direction. (For clockwise
integration, a factor of —1 is placed on the right
of Eq. (2).)

¢ IfCyisacircle,then aa=2rx. > X

<p£>

We first expand f(z) ina Laurent series about z, .

Because of the simple pole at z,, the series assumes the form

f@=¢ +ch( —z) ==L+ g(2)
s Zo)
where
g(z)= ch (z—z,)" =Taylor series is analytic at z,
n=0
and c_; =Res f(2)
20

We now integrate the series expansion of f(z) along C,in Fig.B. Thus
j f(z)dz= '[ dz +J‘ g(z)dz  (3)
G Co (z Zy)
Applying ML inequality to the second 1ntegra1 on the right in Eq.(3), we have
‘ [ e
G

<Mra  (4)

where
|g(z)| < M = upper bound of g(z) ina neighborhood of z,

ra = the length of contour C,
From eq. (4), we see that

lim[ g(z)dz=0  (5)
r—>04C,

With z=2z,+ re' , dz= ire?do , and the limits on @ indicated in Fig.B, we have
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13.

J' Ly J‘91+0‘ c ,ire’do
CO

. . a
G =Cai=2mi—c
(Z—ZO) 6, re 2

3 1 72 ]
e and [l
L(x-2) ~7/28in X

#+§22-4 f1* Residue Theorem f% fFefoen™ j2.
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