Prandtle/Blasius Solution

Prandtle used boundary layer concept and imposed
approximation (valid for large Reynolds number flows)
to simplify the governing Navier-Stokes equations. H.
Blasius (1883-1970), one of Prandtl’s students, solved
these simplified equations.
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The Navier-Stokes Equations

“» Under incompressible flow with constant viscosity
conditions, the Navier-Stokes equations are reduced to:
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“* The details of viscous incompressible flow past any object can be
obtained by solving the governing Navier-Stokes equation.

“* For steady, two dimensional laminar flow with negligible
gravitational effects, these equations reduced to the following
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«* In addition, the conservation of mass
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«» Simplification
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Since the boundary layer is thin, it is expected that the component of
velocity normal to the plate is much smaller than the parallel to the
plate and that the rate of change of any parameter across the
boundary layer should be much greater than that along the flow

direction. That is
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¢ Blasius reduced the partial differential equations to an
ordinary differential equation...

The velocity profile, u/U, should be similar for all values of x. Thus
the velocity profile is of the dimensionless form
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Is an unknown function to be determined.
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Set a dimensionless similarity variable
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Is an unknown function

The velocity component to be determined.
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d°f d°f Nonlinear, third-order

dn’® +1 dn? = 21"+11=0 ordinary differential equation

2

With boundary conditions

f==0 at 5 =0 & ST
f—1 at g —>oo

Solution ? No analytical solution !

Easy to integrate to obtain numerical solution
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Blasius solved It using a power series expansion about
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Numerical solution of
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H TABLE 9.1

Laminar Flow along a Flat Plate

(the Blasius Solution)
|

n =yU/wo)"? [ =u/U n [
0 0 3.6 0.9233
04 0.1328 4.0 0.9555
0.8 0.2647 4.4 0.9759
1.2 0.3938 4.8 0.9878
1.6 0.5168 5.0 0.9916
2.0 0.6298 5.2 0.9943
24 0.7290 5.6 0.9975
2.8 0.8115 6.0 0.9990
32 0.8761 0o 1.0000

Table 9.1 The Function fin) for the Laminar Boundary Layer along a Flat Plate at

Zero Incidence
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0 0 0 0.3321
0.5 0.0415 0.1659 0.3309
1.0 0.1656 0.3298 0.3230
1.5 0.3701 0.4368 0.3026
2.0 0.6500 0.6298 0.2668
2.5 0.9963 0.7513 0.2174
3.0 1.3968 0.8460 0.1614
3.5 1.8377 0.9130 0.1078
4.0 2.3057 0.9555 0.0642
4.5 2.7901 0.9793 0.0340
3.0 3.2833 0.9913 0.0159
3.5 3.7806 0.9969 0.0066
6.0 4.2796 0.9990 0.0024
6.5 4.7793 0.9997 0.0008
7.0 3.2192 0.9999 0.0002
1.5 3.7792 1.0000 0.0001
8.0 6.2792 1.0000 0.0000
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< &4y T & 0 & Blasius solution ( Table 9.1) &

Boundary layer thickness
0 5.0 5.0
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Momentum thickness

Q ~ 0.6064
X Re

X

Shear stress
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Boundary Layer Thickness
BAE LT EFeT HiE?

«» Standard Boundary layer thickness

«* Boundary layer displacement thickness
«» Boundary layer momentum thickness

©=0 P AMA S AT 15 5
' u=099 v a/ u=U b/
U\ . ;/ U } / j/ U h
I : .
‘ I Equal /| u=#0
S —>/ | > areas | u = u(y)
| . F——=F U-
! ) ;: | u
T a b

(a) (b)
14



Standard Boundary Layer Thickness

“* The standard boundary layer thickness is the distance from the plate
at which the fluid velocity is within some arbitrary value of the
upstream velocity.
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Boundary Layer Displacement
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“* The boundary layer retards the fluid, so that the mass flux and
momentum flux are both less than they would be in the absence of

the boundary layer.
** The displacement distance is the distance the plate would be moved

so that the loss of mass flux (due to reduction in uniform flow area)
IS equivalent to the loss the boundary layer causes.
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Boundary Layer Momentum
Thickness

** The momentum thickness is the distance the plate would
be moved so that the loss of momentum flux is equivalent
to the loss the boundary layer actually causes.

The loss of momentum due to the boundary layer
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